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Abstract
The theory of spaces with different (not only by sign) contravariant
and covariant affine connections and metrics [ (Ln, g)-spaces] is worked
out within the framework of the tensor analysis over differentiable mani-
folds and in a volume necessary for the further considerations of the kine-
matics of vector fields and the Lagrangian theory of tensor fields over
(Ln, g)-spaces. The possibility of introducing different (not only by sign)
affine connections for contravariant and covariant tensor fields over dif-
ferentiable manifolds with finite dimensions is discussed. The action of
the deviation operator, having an important role for deviation equations
in gravitational physics, is considered for the case of contravariant and
covariant vector fields over differentiable manifolds with different affine
connections (called Ln-spaces). A deviation identity for contravariant
vector fields is obtained. The notions covariant, contravariant, covariant
projective and contravariant projective metric are introduced in (Ln, g)-
spaces. The action of the covariant and the Lie differential operator on
the different type of metrics is found. The notions of symmetric covariant
and contravariant (Riemannian) connection are determined and presented
by means of the covariant and contravariant metric and the corresponding
torsion tensors. The different types of relative tensor fields (tensor den-
sities) as well as the invariant differential operators acting on them are
considered. The invariant volume element and its properties under the
action of different differential operators are investigated.
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1 Introduction
In the present review, the differentiable manifolds with different (not only by
sign) contravariant and covariant affine connections and metrics [spaces with
contravariant and covariant affine connections and metrics, (Ln, g)-spaces] are
considered as models of the space-time. On the grounds of the differential-
geometric structures of the (Ln, g)-spaces the kinematics of vector fields and the
dynamics of tensor fields has been worked out as useful tools in mathematical
models for description of physical interactions and especially the gravitational
interaction in the modern gravitational physics. The general results found for
differentiable manifolds with different (not only by sign) contravariant and co-
variant affine connections and metrics can be specialized for spaces with one
affine connection and a metric [the s. c. (Ln, g)-spaces] as well as for (pseudo)
Riemannian spaces with or without torsion [the s.c. Un- and Vn-spaces]. The
most results are given either in index-free form or in a co-ordinate, or in a non-
co-ordinate basis. The main objects taken in such type of investigations can be
given in the following scheme
Spaceswith contravariant and covariant
affine connections andmetrics
differential operators
covariant differential operator,
Lie differential operator,
operator of curvature,
deviation operator,
extension operator,
affine connections, metrics,
special tensor fields, tensor densities, invariant volume element
|
Kinematic characteristics
of contravariant vectorfields
3
relative velocity (shear, rotation and expansion velocities),
relative acceleration (shear, rotation and expansion accelerations),
deviation equations,
geodesic and auto-paralel equations,
Fermi-Walker transports,
conformal transports
|
Lagrangian theory of tensorfields
Lagrangian density,
variational principles,
Euler-Lagrange’s equations,
energy-momentum tensors
In this review we consider only the elements of the first part of the above
scheme related to spaces with contravariant and covariant affine connections and
metrics. The review appears as an introduction to the theory of the (Ln, g)-
spaces. It contains formulas necessary for the development of the mechanics of
tensor fields and for constructing mathematical models of different dynamical
systems described by the use of the main objects under consideration. The
general results found for differentiable manifolds with different (not only by sign)
contravariant and covariant affine connections and metrics can be specialized for
spaces with one affine connection and a metric [the s. c. (Ln, g)-spaces] as well
as for (pseudo) Riemannian spaces with or without torsion [the s.c. Un- and Vn-
spaces]. The most results are given either in index-free form or in a co-ordinate,
or in a non-co-ordinate basis. This has been done to facilitate the reader in
choosing the right form of the results for his own further considerations. The
main conclusions are summarized in the last section.
The (Ln, g)-spaces have interesting properties which could be of use in the
theoretical physics and especially in the theoretical gravitational physics. In
these type of spaces the introduction of a contravariant non-symmetric affine
connection for contravariant tensor fields and the introduction of a symmetric
(Riemannian, Levi-Civita connection) for covariant tensor fields is possible. On
this grounds we can consider flat spaces [(Mn, g)-spaces] with predetermined
torsion for the contravariant vector fields and with torsion-free connection for
the covariant vector fields. In analogous way these type of structures could be
induced in (pseudo) Riemannian spaces [(V n, g)-spaces].
1.1 Space-time geometry and differential geometry
In the last few years new attempts [1] - [3] have been made to revive the ideas
of Weyl [4], [?] for using manifolds with independent affine connection and met-
ric (spaces with affine connection and metric) as a model of space-time in the
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theory of gravitation [3]. In such spaces the connection for co-tangent vector
fields (as dual to the tangent vector fields) differs from the connection for the
tangent vector fields only by sign. The last fact is due to the definition of dual
vector bases in dual vector spaces over points of a manifold, which is a trivial
generalization of the definition of dual bases of algebraic dual vector spaces from
the multi-linear algebra [6] - [9]. On the one hand, the hole modern differential
geometry is built as a rigorous logical structure having as one of its main as-
sumption the canonical definition for dual bases of algebraic dual vector spaces
(with equal dimensions) [10]. On the other hand, the possibility of introducing
a non-canonical definition for dual bases of algebraic dual vector spaces (with
equal dimensions) has been pointed out by many mathematicians [11] who have
not exploited this possibility for further evolution of the differential-geometric
structures and its applications. The canonical definition of dual bases of dual
spaces is so naturally embedded in the ground of the differential geometry that
no need has occurred for changing it [12] - [15]. But the last time evolution of the
mathematical models for describing the gravitational interaction on a classical
level shows a tendency to generalizations, using spaces with affine connection
and metric, which can also be generalized using the freedom of the differential-
geometric preconditions. It has been proved that an affine connection, which in
a point or over a curve in Riemannian spaces can vanish (a fact leading to the
principle of equivalence in ETG), can also vanish under a special choice of the
basic system in a space with affine connection and metric [16] - [18]. The last
fact shows that the equivalence principle in the ETG could be considered only
as a physical interpretation of a corollary of the mathematical apparatus used in
this theory. Therefore, every differentiable manifold with affine connection and
metric can be used as a model for space-time in which the equivalence principle
holds. But if the manifold has two different (not only by sign) connections for
tangent and cotangent vector fields, the situation changes and is worth being
investigated.
The basic notions in the differential geometry related to the notions consid-
ered in this review are defined for the most part in textbook and monographs
on differential geometry [see for example [19] - [25]].
2 Algebraic dual vector spaces. Contraction op-
erator
The notion of algebraic dual vector space can be introduced in a way [7] in
which the two vector spaces (the considered and its dual vector space) are two
independent (finite) vector spaces with equal dimensions.
Let X and X∗ be two vector spaces with equal dimensions dim X = dim
X∗ = n. Let S be an operator (mapping) such that to every pair of elements
u ∈ X and p ∈ X∗ sets an element of the field K (R or C), i.e.
S : (u, p)→ z ∈ K , u ∈ X , p ∈ X∗ . (1)
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Definition 1 The operator (mapping) S is called contraction operator S if it
is a bilinear symmetric mapping, i.e. if it fulfils the following conditions:
(a) S(u, p1 + p2) = S(u, p1) + S(u, p2) , ∀u ∈ X , ∀pi ∈ X
∗ , i = 1, 2 .
(b) S(u1 + u2, p) = S(u1, p) + S(u2, p) , ∀ui ∈ X , i = 1, 2 , ∀p ∈ X
∗ .
(c) S(αu, p) = S(u, αp) = αS(u, p) , α ∈ K .
(d) Nondegeneracy: if u1, ..., un are linear independent in X and S(u1, p) =
0, ..., S(un, p) = 0, then the p is the null element in X
∗ . In an analogous way,
if p1, ..., pn are linear independent in X
∗ and S(u, p1) = 0, ... , S(u, pn) = 0,
then u is the null element in X .
(e) Symmetry: S(u, p) = S(p, u) , ∀u ∈ X , ∀p ∈ X∗ .
Let e1, ..., en be an arbitrary basis in X , and let e
1, ..., en be an arbitrary
basis in X∗. Let u = uiei ∈ X and p = pke
k ∈ X∗. From the properties (a) -
(c) it follows that
S(u, p) = fk i.u
i.pk , (2)
where
fk i = S(ei, e
k) = S(ek, ei) ∈ K . (3)
In this way the result of the action of the contraction operator S is expressed
in terms of a bilinear form. The property non-degeneracy (d) means the non-
degeneracy of the bilinear form. The result S(u, p) can be defined in different
ways by giving arbitrary numbers fk i ∈ K for which the condition det (f
k
i) 6= 0 and, at the same time, the conditions (a) - (d) are fulfilled.
Definition 2 (Mutually) algebraic dual vector spaces. The spaces X and X∗
are called (mutually) dual spaces if an contraction operator acting on them is
given and they are considered together with this operator [i.e. (X,X∗, S) with
dim X = n =dim X∗ defines the two (mutually) dual spaces X and X∗].
The definition for (mutually) algebraic dual spaces allows for a given vector
space X an infinite number of vector spaces X∗ (in different ways dual to X) to
be constructed. In order to avoid this non-uniqueness Efimov and Rosendorn
[7] introduced the notion equivalence between dual vector spaces [which is an
additional condition to the definition of (mutually) dual spaces].
Definition 3 Equivalent dual to X vector spaces. Let X∗1 and X
∗
2 be two n-
dimensional vector spaces, dual to X. If a linear isomorphism exists between
them, such that
S(u, p) = S(u, p′) , ∀u ∈ X , ∀p ∈ X∗1 , p
′ ∈ X∗2 , (4)
where p′ is the element of X∗2 , corresponding to p of X
∗
1 by means of the linear
isomorphism, then X∗1 and X
∗
2 are called equivalent dual to X vector spaces.
Proposition 4 All linear (vector) spaces, dual to a given vector space X, are
equivalent to each other.
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For proving this proposition, it is enough to be shown that if for X and X∗
is given an arbitrary S, then for an arbitrary basis e1, ..., en ∈ X one can find
an unique dual to it basis e1, ..., en in the space X∗, i.e. e1, ..., en ∈ X∗ can be
found in an unique way so that S(ei, e
k) = fki, where f
k
i ∈ K are preliminary
given numbers [26]. The proof is analogous to the proof given by Efimov and
Rosendorn [7] for the case S = C : C(ek, e
i) = gik, g
i
k = 1 for k = i, g
i
k = 0
for k 6= i. C(ek, e
i) = gik means that the dual to {ek} basic vector field e
i is
orthogonal to all basic vectors ek for which k 6= i. The contraction operator C
is the corresponding to the canonical approach mapping
C(u, p) = C(p, u) = p(u) = pi.u
i . (5)
The new definition of algebraic dual spaces is as a matter in fact corre-
sponding to that in the common approach. Only the dual basic vector ei is not
orthogonal to the basic vectors ek : S(ek, e
i) = f i k 6= g
i
k. It is enough to be
noticed that for an arbitrary element p ∈ X∗ the corresponding linear form
S(u, p) = pi.u
i = pi.f
i
k.u
k = pi.u
i (6)
is given, where p1, ..., pn are the constant components of a given vector p ∈ X
∗.
The last equality can be written also in the form
S(u, p) = S(p, u) = p(u) = pi.u
i . (7)
Remark 1 The generalization of the notion of algebraic dual spaces for the
case of vector fields over a differentiable manifold is a trivial one. The vector
fields are considered as sections of vector bundles over a manifold. The vector
bases become dependent on the points of the manifold and the numbers f i j are
considered as functions over the manifold.
Remark 2 If the basic vectors in the tangential space Tx(M) at a point x
of a manifold M (dim M = n) are the co-ordinate vector fields ∂i and in the
dual vector space (the co-tangent space) T ∗x (M) the basis {dx
k} is defined as
a dual to the basis {∂i}, where dx
k are the differentials of the co-ordinates xk
of the point x in a given chart, then S(∂i, dx
k) = fk i [f
k
i ∈ C
r(M)]. After
multiplication of the last equality with fk
l and taking into account the relation
fk i.fk
l = gli the condition follows S(∂i, fk
l.dxk) = gli, which is equivalent to
the result of the action of the contraction operator C over the vectors ∂i and e
l,
where el = f lk.dx
k. The new vectors el are not in the general case co-ordinate
differentials of the co-ordinates xl at x ∈ M . They would be differentials of
new co-ordinates xl
′
= xl
′
(xk) if the relation dxl
′
= Ak
l′ .dxk is connected with
the condition el = dxl
′
and xl
′
= ∫ dxl
′
. In analogous way, for the case, when
S(fl
i.∂i, dx
k) = gkl the new vectors el = fl
i.∂i in the general case are not
again co-ordinate vector fields ∂i′ . el would be again co-ordinate vector fields
if by changing the charts (the co-ordinates) at a point x ∈ M the condition fl
i = ∂x
i
∂xl′
is fulfilled.
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Thus, the definition of algebraic dual vector fields over manifolds by means
of the contraction operator S as a generalization of the contraction operator
C allows considerations including functions f i j(x
k) instead of the Kronecker
symbol gij.
The contraction operator S can be easily generalized to a multilinear con-
traction operator S.
3 Contravariant and covariant affine connections.
Covariant differential operator
3.1 Affine connection. Covariant differential operator
The notion affine connection can be defined in different ways but in all definitions
a linear mapping is given, which to a given vector of a vector space over a point x
of a manifold M juxtaposes a corresponding vector from the same vector space
at this point. The corresponding vector is identified as vector of the vector
space over another point of the manifold M . The way of identification is called
transport from one point to another point of the manifold.
Vector and tensor fields over a differentiable manifold are provided with the
structure of a linear (vector) space by defining the corresponding operations at
every point of the manifold.
Definition 5 Affine connection over a differentiable manifold M . Let V (M)
(dim M = n) be the set of all (smooth) vector fields over the manifold M . The
mapping ∇ : V (M)×V (M)→ V (M), by means of ∇(u,w)→ ∇uw, u,w ∈
V (M), with ∇u as a covariant differential operator along the vector field u (s.
the definition below), is called affine connection over the manifold M .
Definition 6 A covariant differential operator (along the vector field u). The
linear differential operator (mapping) ∇u with the following properties
(a) ∇u(v + w) = ∇uv +∇uw , u, v, w ∈ V (M),
(b) ∇u(f.v) = (uf).v + f.∇uv , f ∈ C
r(M) , r ≥ 1 ,
(c) ∇u+vw = ∇uw +∇vw ,
(d) ∇fuv = f.∇uv ,
(e) ∇uf = uf , f ∈ C
r(M) , r ≥ 1 ,
(f) ∇u(v ⊗ w) = ∇uv ⊗ w + v ⊗ ∇uw (Leibniz rule), ⊗ is the sign for the
tensor product,
is called covariant differential operator along the vector field u.
The result of the action of the covariant differential operator ∇uv is often
called covariant derivative of the vector field v along the vector field u.
In a given chart (co-ordinate system), the determination of ∇eαeβ in the
basis {eα} defines the components ∇
α
βγ of the affine connection ∇
∇eαeβ = ∇
γ
αβ .eγ , α, β, γ = 1, ..., n . (8)
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{∇γαβ} have the transformation properties of a linear differential geometric
object [19], [27].
Definition 7 Space with affine connection. Differentiable manifold M , pro-
vided with affine connection ∇, i.e. the pair (M,∇), is called space with affine
connection.
3.2 Contravariant and covariant affine connections
The action of the covariant differential operator on a contravariant (tangential)
co-ordinate basic vector field ∂i overM along another contravariant co-ordinate
basic vector field ∂j is determined by the affine connection ∇ = Γ with compo-
nents Γkij in a given chart (co-ordinate system) defined through
∇∂j∂i = Γ
k
ij .∂k . (9)
For a non-coordinate contravariant basis eα ∈ T (M) , T (M) = ∪x∈MTx(M),
∇eβeα = Γ
γ
αβ .eγ . (10)
Definition 8 Contravariant affine connection. The affine connection ∇ = Γ
induced by the action of the covariant differential operator on contravariant
vector fields is called contravariant affine connection.
The action of the covariant differential operator on a covariant (dual to
contravariant) basic vector field eα [eα ∈ T ∗(M) , T ∗(M) = ∪x∈MT
∗
x (M)]
along a contravariant basic (non-co-ordinate) vector field eβ is determined by
the affine connection ∇ = P with components Pαβγ defined through
∇eβe
α = Pαγβ .e
γ . (11)
For a co-ordinate covariant basis dxi
∇∂jdx
i = P ikj .dx
k . (12)
Definition 9 Covariant affine connection. The affine connection ∇ =P in-
duced by the action of the covariant differential operator on covariant vector
fields is called covariant affine connection.
Definition 10 Space with contravariant and covariant affine connections (Ln-
space). The differentiable manifold provided with contravariant affine connec-
tion Γ and covariant affine connection P is called space with contravariant and
covariant affine connections.
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The connection between the two connections Γ and P is based on the connec-
tion between the two dual spaces T (M) and T ∗(M), which on its side is based
on the existence of the contraction operator S. Usually commutation relations
are required between the contraction operator and the covariant differential op-
erator in the form
S ◦ ∇u = ∇u ◦ S . (13)
If the last operator equality in the form ∇∂k ◦S = S ◦∇∂k is used for acting
on the tensor product dxi ⊗ ∂j of two basic vector fields dx
i ∈ T ∗(M) and
∂j ∈ T (M), then the relation follows
f i j,k = Γ
l
jk.f
i
l + P
i
lk.f
l
j , f
i
j,k := ∂kf
i
j (in a co-ordinate basis).
(14)
The last equality can be considered from two different points of view:
1. If P ijk(x
l) and Γijk(x
l) are given as functions of co-ordinates in M , then
the equality appears as a system of equations for the unknown functions f i j(x
l).
The solutions of these equations determine the action of the contraction operator
S on the basic vector fields for given components of both connections. The
integrability conditions for the equations can be written in the form
Rm jkl.f
i
m + P
i
mkl.f
m
j = 0 , (15)
where Rm jkl are the components of the contravariant curvature tensor, con-
structed by means of the contravariant affine connection Γ, and P imkl are the
components of the covariant curvature tensor, constructed by means of the co-
variant affine connection P , where [R(∂i, ∂j)]dx
k = P k lij .dx
l, [R(∂i, ∂j)]∂k =
Rl kij .∂l , R(∂i, ∂j) = ∇∂i∇∂j −∇∂j∇∂i .
2. If f i j(x
l) are given as functions of the co-ordinates in M , then the
conditions for f i j determine the connection between the components of the
contravariant affine connection Γ and the components of the covariant affine
connection P on the grounds of the predetermined action of the contraction
operator S on basic vector fields.
If S = C, i.e. f i j = g
i
j , then the conditions for f
i
j are fulfilled for every
P = −Γ, i.e.
P ijk = −Γ
i
jk . (16)
This fact can be formulated as the following proposition
Proposition 11 S = C is a sufficient condition for P = −Γ (P ijk = −Γ
i
jk).
Corollary 12 If P 6= −Γ, then S 6= C, i.e. if the covariant affine connection P
has to be different from the contravariant affine connection Γ not only by sign,
then the contraction operator S has to be different from the canonical contraction
operator C (if S commutes with the covariant differential operator).
The corollary allows the introduction of different (not only by sign) con-
travariant and covariant connections by using contraction operator S, different
from the canonical contraction operator C.
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Example 13 If f i j = e
ϕ.gij, where ϕ ∈ C
r(M), ϕ 6= 0, then P ijk = −Γ
i
jk +
ϕ,k.g
i
j.
3.3 Covariant derivatives of contravariant tensor fields
The action of a covariant differential operator along a contravariant vector field
u is called transport along a contravariant vector field u (or transport along u).
The result of the action of the covariant differential operator on a tensor
field is called covariant derivative of this tensor field.
The result ∇uV of the action of ∇u on a contravariant tensor field V is
called covariant derivative of a contravariant tensor field V along a contravari-
ant vector field u (or covariant derivative of V along u).
The action of the covariant differential operator on contravariant tensor fields
with rank > 1 can be determined in a trivial manner on the grounds of the
Leibniz rule which the operator obeys. Then the action of the operator ∇∂j on
a tensor basis ∂A = ∂j1 ⊗ ...⊗ ∂jl can be written in the form
∇∂j∂A = ∇∂j [∂j1 ⊗ ...⊗ ∂jl ] = (∇∂j∂j1 ⊗ ∂j2 ...⊗ ∂jl)+
+ (∂j1 ⊗∇∂j∂j2 ⊗ ...⊗ ∂jl) + ...+ (∂j1 ⊗ ...⊗∇∂j∂jl) =
= Γi1j1j .∂i1 ⊗ ...⊗ ∂jl + ...+ Γ
il
jlj
.∂j1 ⊗ ...⊗ ∂il =
= (
∑l
k=1 g
i
jk
.gikm .g
i1
j1
.gi2j2 ...g
ik−1
jk−1
.g
ik+1
jk+1
...giljl .).Γ
m
ij .(∂i1 ⊗ ...⊗ ∂il) .
If we introduce the abbreviations
SAm
Bi = −
l∑
k=1
gijk .g
ik
m .g
i1
j1
.gi2j2 ...g
ik−1
jk−1
.g
ik+1
jk+1
...giljl , (17)
ΓBAj = −SAm
Bi.Γmij , A = j1...jl , B = i1...il , (18)
then ∇∂j∂A can be written in the form
∇∂j∂A = Γ
B
Aj .∂B = −SAm
Bi.Γmij .∂B . (19)
The quantities SAm
Bi obey the following relations
(a) SBi
Aj .SAk
Cl = −gli.SBk
Cj , dim M = n, l = 1, ..., N ,
(b) SBi
Bj = −N.nN−1.gji ,
(c) SBi
Ai = −N.gAB ,
where
gAB = g
j1
i1
...g
jm−1
im−1
.gjmim .g
jm+1
im+1
...gjlil (20)
is defined as multi-Kronecker symbol of rank l
gAB = 1 ik = jk (for all k simultaneously)
= 0 ik 6= jk , k = 1, ................., l .
(21)
The covariant derivative along a contravariant vector field u of a contravari-
ant tensor field V = V A.∂A can be written in a co-ordinate basis as
∇uV = (V
A
,i + Γ
A
Bi.V
B).ui.∂A = V
A
;i.u
i.∂A , (22)
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where
V A ;i = V
A
,i + Γ
A
Bi.V
B (23)
is called first covariant derivative of the components V A of the contravariant
tensor field V along a contravariant co-ordinate basic vector field ∂i
∇∂iV = V
A
;i.∂A . (24)
In an analogous way we find for the second covariant derivative ∇ξ∇uV
∇ξ∇uV = (V
A
;j;i.u
j + V A ;j .u
j
;i).ξ
i.∂A = (V
A
;j.u
j);i.ξ
i.∂A ,
where
V A ;j;i = (V
A
;j),i + Γ
A
Bi.V
B
;j − Γ
k
ji.V
A
;k (25)
is the second covariant derivative of the components V A of the contravariant
vector field V . Here
∇ξ∇uV −∇u∇ξV = [(V
A
;i;j−V
A
;j;i).u
i.ξj+V A ;j .(u
j
;i.ξ
i−ξj ;i.u
i)].∂A . (26)
3.4 Covariant derivatives of covariant tensor fields
In analogous way the covariant derivative of a covariant vector field can be
written in the form
∇up = (pi,j + P
k
ij .pk).u
j.dxi = pi;j .u
j .dxi , p ∈ T ∗(M) ,
(in a co-ordinate basis).
(27)
The action of the covariant differential operator on covariant tensor fields
with rank > 1 is generalized in a trivial manner on the grounds of the Leibniz
rule, which holds for this operator. Then the action of the operator ∇∂j on the
basis dxA = dxj1 ⊗ ...⊗ dxjl can be written in the form
∇∂jdx
B = PBAj .dx
A = −SAm
Bi.Pmij .dx
A , (28)
where PBAj = −SAm
Bi.Pmij .
The covariant derivative of a covariant tensor field W = WA.dx
A = WB.e
B
can be written in the form
∇uW = (WA,j + P
B
Aj .WB).u
j .dxA =WA;j .u
j .dxA,
(in a co-ordinate basis).
(29)
The form of the covariant derivative of a mixed tensor field follows from the
form of the derivative of contravariant and covariant basic tensor fields, and the
Leibniz rule
∇uK = ∇u(K
A
B.∂A ⊗ dx
B) = KA B;j .u
j .∂A ⊗ dx
B =
(KA B,j + Γ
A
Cj.K
C
B + P
D
Bj .K
A
D).u
j.∂A ⊗ dx
B ,
(in a co-ordinate basis).
(30)
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If the Kronecker tensor is defined in the form
Kr = gij .∂i ⊗ dx
j = gαβ .eα ⊗ e
β , (31)
then the components of the contravariant and the covariant affine connection
differ from each other by the components of the covariant derivative of the
Kronecker tensor, i.e.
Γijk + P
i
jk = g
i
j;k , Γ
α
βγ + P
α
βγ = g
α
β/γ . (32)
Remark 3 In the special case, when S = C and in the canonical approach
gij;k = 0 (g
α
β/γ = 0).
4 Lie differential operator
The Lie differential operator £ξ along the contravariant vector field ξ appears
as an other operator, which can be constructed by means of a contravariant
vector field. Its definition can be considered as a generalization of the notion
Lie derivative of tensor fields [28], [19], [11], [29].
Definition 14 £ξ := Lie differential operator along the contravariant vector
field ξ with the following properties:
(a) £ξ : V → V = £ξV , V, V ∈ ⊗
l(M) .
(b) £ξ :W →W = £ξW , W,W ∈ ⊗k(M) .
(c) £ξ : K → K = £ξK , K, K ∈ ⊗
l
k(M) .
(d) Linear operator with respect to tensor fields,
£ξ(α.V1 + β.V2) = α.£ξV1 + β.£ξV2 , α, β ∈ F (R or C) , Vi ∈ ⊗
l(M) ,
i = 1, 2,
£ξ(α.W1 + β.W2) = α.£ξW1 + β.£ξW2 , Wi ∈ ⊗k(M) , i = 1, 2,
£ξ(α.K1 + β.K2) = α.£ξK1 + β.£ξK2 , Ki ∈ ⊗
l
k(M) , i = 1, 2.
(e) Linear operator with respect to the contravariant field ξ ,
£α.ξ+β.u = α.£ξ + β.£u , α, β ∈ F (R or C), ξ, u ∈ T (M) .
(f) Differential operator, obeying the Leibniz rule,
£ξ(S ⊗ U) = £ξS ⊗ U + S ⊗£ξU , S ∈ ⊗
m
q(M) , U ∈ ⊗
k
l(M) .
(g) Action on function f ∈ Cr(M) , r ≥ 1 ,
£ξf = ξf , ξ ∈ T (M) .
(h) Action on contravariant vector field,
£ξu = [ξ, u] , ξ, u ∈ T (M) , [ξ, u] = ξ ◦ u− u ◦ ξ ,
£ξeα = [ξ, eα] = − (eαξ
β − ξγ .Cγα
β).eβ ,
£eαeβ = [eα, eβ] = Cαβ
γ .eγ , Caβ
γ ∈ Cr(M) ,
£ξ∂i = −ξ
j
,i.∂j , £∂i∂j = [∂i, ∂j ] = 0 .
(i) Action on covariant basic vector field,
£ξe
α = kα β(ξ).e
β , £eγ e
α = kα βγ .e
β ,
£ξdx
i = ki j(ξ).dx
j , £∂kdx
i = ki jk.dx
j .
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The action of the Lie differential operator on a covariant basic vector field is
determined by its action on a contravariant basic vector field and the commuta-
tion relations between the Lie differential operator and the contraction operator
S.
4.1 Lie derivatives of contravariant tensor fields
The Lie differential operator £ξ along a contravariant vector field ξ appears as
an other operator which can be constructed by means of a contravariant vector
field. It is an operator mapping a contravariant tensor field V in a contravariant
tensor field V˜ = £ξV .
The action of the Lie differential operator along a contravariant vector field
ξ is called dragging-along the contravariant vector field ξ (or dragging-along ξ).
The result of the action (£ξV ) of the Lie differential operator £ξ on V is
called Lie derivative of the contravariant tensor field V along a contravariant
vector field ξ (or Lie derivative of V along ξ).
The commutator of two Lie differential operators
[£ξ,£u] = £ξ ◦£u −£u ◦£ξ (33)
has the properties:
(a) Action on a function
[£ξ,£u]f = (£ξ ◦£u −£u ◦£ξ)f = [ξ, u]f = (£ξu)f = [∇ξ,∇u]f ,
f ∈ Cr(M) , r ≥ 2 .
(b) Action on a contravariant vector field
[£ξ,£u]v = (£ξ ◦£u −£u ◦£ξ)v = £ξ£uv −£u£ξv =
= £v£uξ = −££uξv = ££ξuv .
(c) The Jacobi identity
< [£ξ, [£u,£v]] >≡ [£ξ, [£u,£v]] + [£v, [£ξ,£u]] + [£u, [£v,£ξ]] ≡ 0 . (34)
The Lie derivative of a contravariant vector field
£ξu = [ξ, u] = (£ξu
i).∂i = (ξ
k.ui ,k − u
k.ξi ,k).∂i , (35)
where
£ξu
i = ξk.ui ,k − u
k.ξi ,k (36)
is called Lie derivative of the components ui of a vector field u along a con-
travariant vector field ξ (or Lie derivative of the components ui along ξ) in a
co-ordinate basis.
In a non-co-ordinate basis the Lie derivative can be written in an analogous
way as in a co-ordinate basis
£ξu = [ξ, u] = (£ξu
α).eα = (ξ
β .eβu
α − uβ .eβξ
α + Cβγ
α.ξβ .uγ).eα , (37)
14
where
£ξu
α = ξβ.eβu
α − uβ .eβξ
α + Cβγ
α.ξβ .uγ (38)
is called Lie derivative of the components uα of the contravariant vector field u
along a contravariant vector field ξ in a non-co-ordinate basis (or Lie derivative
of the components uα along ξ). £eβu can be written in the form
£eβu = (eβu
α − Cγβ
α.uγ).eα = u
α
//β .eα = −£ueβ = (£eβu
α).eα , (39)
where
£eβu
α = uα //β = eβu
α − Cγβ
α.uγ . (40)
The second Lie derivative £ξ£uv will have in a non-co-ordinate basis the
form
£ξ£uv = [ξ
β .eβ(£uv
α)− (£uv
β).eβξ
α − Cγβ
α.(£uv
γ).ξβ ].eα = (£ξ£uv
α).eα ,
(41)
where £ξ£uv
α = ξβ .eβ(£uv
α)−(£uv
β).eβξ
α−Cγβ
α.(£uv
γ).ξβ is called second
Lie derivative of the components vα along u and ξ in a non-co-ordinate basis.
The action of the Lie differential operator on a contravariant tensor field
with rank k > 1 can be generalized on the basis of the validity of the Leibniz
rule under the action of this operator on the bases of the tensor fields.
The result of the action of the operator £ξ on a basis ∂A = ∂j1⊗...⊗∂l can be
found by the use of the already known relation £ξ∂jk = −£∂jk ξ = −ξ
m
,jk .∂m.
Then £ξ∂A = SAm
Bn.ξm ,n.∂B, and
£ξV = £ξ(V
A.∂A) = (£ξV
A).∂A = (ξ
k.V A ,k + SBk
Al.V B.ξk ,l).∂A , (42)
where £ξV
A = ξk.V A ,k + SBk
Al.V B.ξk ,l is the Lie derivative of the com-
ponents V A of a contravariant tensor field V along a contravariant vector field
ξ in a co-ordinate basis (or Lie derivative of the components V A along ξ in a
co-ordinate basis).
For £ξ£uV we obtain
£ξ£uV = (£ξ£uV
A).∂A = [ξ
k(£uV
A),k + SBk
Al.(£uV
B).ξk ,l].∂A , (43)
where £ξ£uV
A = ξk(£uV
A),k+SBk
Al.(£uV
B).ξk ,l is called second Lie deriva-
tive of the components V A along u and ξ in a co-ordinate basis.
The result of the action of the Lie differential operator £ξ on a non-co-
ordinate basis eA can be found in an analogous way as that for a co-ordinate
basis. Since
£ξeβ = −ξ
α
//β .eα , ξ
α
//β = eβξ
α − Cγβ
α.ξγ , (44)
£ξeA = £ξ[eα1 ⊗ ...⊗ eαl ] = (£ξeα1 ⊗ eα2 ...⊗ eαl)+
+ (eα1 ⊗£ξeα2 ⊗ ...⊗ eαl) + ...+ (eα1 ⊗ ...⊗£ξeαl) =
= SAα
Bβ .ξα //β .eB ,
A = α1...αl , B = β1...βl , eB = eβ1 ⊗ ...⊗ eβl ,
(45)
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then
£ξeA = SAα
Bβ .ξα //β .eB and £ξV = £ξ(V
A.eA) = (£ξV
A).eA =
= (ξα.eαV
A + SBα
Aβ .V B.ξα //β).eA .
(46)
The explicit form of the expression SBα
Aβ.ξα //β can be given as
SBα
Aβ .ξα //β = SBα
Aβ.eβξ
α − SBα
Aβ.Cγβ
α.ξγ , (47)
and if we introduce the abbreviations
CBγ
A = SBα
Aβ .Cγβ
α = −SBα
Aβ .Cβγ
α , (48)
SBα
Aβ .ξα //β = SBα
Aβ.eβξ
α − CBα
A.ξα , (49)
then £ξV
A can be written in the forms
£ξV
A = ξα.eαV
A + SBα
Aβ .V B.ξα //β =
= ξα.eαV
A + SBα
Aβ .V B.(eβξ
α − Cγβ
α.ξγ) =
= ξα.(eαV
A − SBβ
Aγ .V B .Cαγ
β) + SBβ
Aγ .V B.eγξ
β =
= ξα.V A //α + SBα
Aβ .V B.eβξ
α .
(50)
£ξV
A is called Lie derivative of the components V A of a contravariant tensor
field V along ξ in a non-co-ordinate basis. Here
V A //α = eαV
A − SBβ
Aγ .V B.Cαγ
β = eαV
A − CBα
A.V B . (51)
In a non-co-ordinate basis the relations are valid
£eαV = V
A
//α.eA , £eαeA = − CAα
B.eB . (52)
The quantity
SBα
Aβ = −
l∑
k=1
gi1j1 ...g
ik−1
jk−1
.gikα .g
β
jk
.g
ik+1
jk+1
...giljl , (53)
where l = 1, ..., N , B = j1...jl, A = i1...il, is the multi-contraction symbol with
rank N .
4.2 Connections between the covariant and the Lie differ-
entiations
The action of the covariant differential operator and the action of the Lie differ-
ential operator on functions are identified with the action of the contravariant
vector field in the construction of both operators. The contravariant vector field
acts as a differential operator on functions over a differentiable manifold M
∇ξf = ξf = £ξf = ξ
i.∂if = ξ
α.eαf , f ∈ C
r(M) , ξ ∈ T (M) .
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If we compare the Lie derivative with the covariant derivative of a contravari-
ant vector field in a non-co-ordinate (or co-ordinate) basis
£ξu = (£ξu
α).eα = (ξ
β .eβu
α − uβ .eβξ
α + Cβγ
α.ξβ .uγ).eα ,
∇ξu = (u
α
/β.ξ
β).eα = (ξ
β .eβu
α + Γαγβ .u
γ .ξβ).eα ,
(54)
we will see that both expressions have a common term of the type ξuα = ξβ .eβu
α
allowing a relation between the two derivatives.
After substituting eβu
α and eβξ
α from the equalities eβu
α = uα /β −Γ
α
γβ .u
γ
and eβξ
α = ξα /β − Γ
α
γβ.ξ
γ in the expression for £ξu we obtain
£ξu
α = uα /β.ξ
β − ξα /β .u
β − Tβγ
α.ξβ .uγ =
= uα /β .ξ
β − (ξα /β − Tβγ
α.ξγ).uβ ,
(55)
where
Tβγ
α = Γαγβ − Γ
α
βγ − Cβγ
α = −Tγβ
α , (56)
£ξu = (£ξu
α).eα = (u
α
/β .ξ
β − ξα /β .u
β − Tβγ
α.ξβ.uγ).eα =
= ∇ξu−∇uξ − T (ξ, u) ,
(57)
with
T (ξ, u) = Tβγ
α.ξβ .uγ .eα = −T (u, ξ) , T (eβ, eγ) = Tβγ
α.eα . (58)
The contravariant vector field T (ξ, u) is called (contravariant) torsion vector
field (or torsion vector field).
If we use the equality following from the expression for £uv
β
vβ /γ .u
γ − uβ /γ .v
γ = £uv
β + Tαγ
β .uα.vγ (59)
in the expression
∇u∇vξ−∇v∇uξ = [(ξ
α
/β/γ − ξ
α
/γ/β).v
β .uγ + ξα /β .(v
β
/γ .u
γ −uβ /γ .v
γ)].eα ,
then
∇u∇vξ −∇v∇uξ = [(ξ
α
/β/γ − ξ
α
/γ/β).v
β .uγ + ξα /β .(£uv
β + Tγδ
β .uγ .vδ)].eα =
= [(ξα /β/γ − ξ
α
/γ/β).v
β .uγ + ξα /β .(£uv
β + T β(u, v)].eα ,
T β(u, v) = Tδγ
β .uδ.vγ , ∇T (u,v)ξ = ξ
α
/β.Tγδ
β.uγ .vδ.eα ,
∇u∇vξ −∇v∇uξ −∇£uvξ = (ξ
α
/β/γ − ξ
α
/γ/β).v
β .uγ .eα +∇T (u,v)ξ ,
(60)
or
∇u∇vξ −∇v∇uξ −∇£uvξ −∇T (u,v)ξ = (ξ
α
/β/γ − ξ
α
/γ/β).v
β .uγ .eα ,
∇eγ∇eβξ −∇eβ∇eγ ξ −∇£eγ eβ ξ −∇T (eγ ,eβ)ξ = (ξ
α
/β/γ − ξ
α
/γ/β).eα .
(61)
In a co-ordinate basis the contravariant torsion vector will have the form
T (ξ, u) = Tkl
i.ξk.ul.∂i = (Γ
i
lk − Γ
i
kl).ξ
k.ul.∂i , (62)
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Tkl
i = Γilk − Γ
i
kl , T (∂k, ∂l) = Tkl
i.∂i . (63)
The Lie derivative £ξu can be now written as
£ξu = (£ξu
i).∂i = (u
i
;k.ξ
k − uk.ξi ;k − Tkl
i.ξk.ul).∂i ,
£ξu
i = ui ;k.ξ
k − uk.ξi ;k − Tkl
i.ξk.ul .
(64)
The connection between the covariant derivative and the Lie derivative of a
contravariant tensor field can be found in an analogous way as in the case of a
contravariant vector field.
4.3 Lie derivative of covariant basic vector fields
4.3.1 Lie derivative of covariant co-ordinate basic vector fields
The commutation relations between the Lie differential operator £ξ and the
contraction operator S in the case of basic co-ordinate vector fields can be
written in the form
£ξ ◦ S(dx
i ⊗ ∂j) = S ◦£ξ(dx
i ⊗ ∂j) ,
£ξ ◦ S(e
α ⊗ eβ) = S ◦£ξ(e
α ⊗ eβ) ,
(65)
where
£ξ ◦ S(dx
i ⊗ ∂j) = ξf
i
j = f
i
j,k.ξ
k ,
S ◦£ξ(dx
i ⊗ ∂j) = S(£ξdx
i ⊗ ∂j) + S(dx
i ⊗£ξ∂j) .
(66)
By means of the non-degenerate inverse matrix (f i j)
−1 = (fj
i) and the
connections f i k.fj
k = gij , f
k
i.fk
j = gji , after multiplication of the equality
for ki l(ξ) with fm
j and summation over j, the explicit form for ki j(ξ) is
obtained in the form
ki j(ξ) = fj
l.ξk ,l.f
i
k + fj
l.f i l,k.ξ
k . (67)
For £∂kdx
i = ki j(∂k).dx
j = ki jk.dx
j it follows the corresponding form
£∂kdx
i = ki jk.dx
j = fj
l.f i l,k.dx
j ,
ki jk = fj
l.f i l,k .
(68)
On the other hand, from the commutation relations between S and the
covariant differential operator∇ξ, the connection between the partial derivatives
of f i j and the components of the contravariant and covariant connections Γ and
P follows in the form
f i l,k = P
i
mk.f
m
l + Γ
m
lk.f
i
m . (69)
After substituting the last expression in the expressions for ki j(ξ) and for
ki jk, the corresponding quantities are obtained in the forms
ki j(ξ) = fj
l.ξk ,l.f
i
k + (P
i
jk + fj
l.Γmlk.f
i
m).ξ
k , (70)
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ki j(∂k) = k
i
jk = P
i
jk + fj
l.Γmlk.f
i
m ,
£ξdx
i = [fj
l.ξk ,l.f
i
k + (P
i
jk + fj
l.Γmlk.f
i
m).ξ
k].dxj , (71)
£∂kdx
i = ki jk.dx
j =
= (P ijk + fj
l.Γmlk.f
i
m).dx
j .
(72)
If we introduce the abbreviations
ξi ,j = f
i
k.ξ
k
,l.fj
l , Γijk = fj
l.Γmlk.f
i
m , (73)
then the Lie derivatives of covariant co-ordinate basic vector fields dxi along the
contravariant vector fields ξ and ∂k can be written in the forms
£ξdx
i = [ξi ,j + (P
i
jk + Γ
i
jk).ξ
k].dxj , £∂kdx
i = (P ijk + Γ
i
jk).dx
j . (74)
4.3.2 Lie derivative of covariant non-co-ordinate basic vector fields
Analogous to the case of covariant co-ordinate basic vector fields the Lie deriva-
tives of covariant non-co-ordinate basic vector fields can be obtained in the form
£ξe
α = [ξα //β + (P
α
βγ + Γ
α
βγ).ξ
γ ].eβ =
= [eβξ
α + (Pαβγ + Γ
α
βγ + Cβγ
α).ξγ ].eβ ,
(75)
£eγe
α = (Pαβγ + Γ
α
βγ + Cβγ
α).eβ , (76)
where
ξα //β = f
α
γ .ξ
γ
//δ.fβ
δ = fα γ .(eδξ
γ).fβ
δ + fα γ .Cδσ
γ .fβ
δ.ξσ =
= eβξ
α + Cβσ
α.ξσ ,
eβξ
α = fα γ .(eδξ
γ).fβ
δ , Cβσ
α = fα γ .Cδσ
γ .fβ
δ ,
Γαβγ = fβ
δ.Γσδγ .f
α
σ .
(77)
4.4 Lie derivatives of covariant tensor fields
The action of the Lie differential operator on covariant vector and tensor fields
is determined by its action on covariant basic vector fields and on the functions
over M .
In a co-ordinate basis the Lie derivative of a covariant vector field p along a
contravariant vector field ξ can be written in the forms
£ξp = £ξ(pi.dx
i) = (£ξpi).dx
i =
= [pi,k.ξ
k + pj .ξ
j
,i + pj.(P
j
ik + Γ
j
ik).ξ
k].dxi =
= [pi;k.ξ
k + ξk ;i.pk + T
j
ki .pj .ξ
k].dxi ,
(78)
where
ξj ;i = f
j
k.ξ
k
;l.fi
l , T jki = f
j
l.T
l
km .fi
m ,
T jki = Γ
j
ik − Γ
j
ki , (in a co-ordinate basis).
(79)
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In a non-co-ordinate basis the Lie derivative £ξp has the forms
£ξp = £ξ(pα.e
α) = (£ξpα).e
α =
{(eγpα + P
β
αγ .pβ).ξ
γ + pβ .[eαξ
β + (Γβαγ + Cαγ
β).ξγ ]}.eα =
= (pα/β .ξ
β + ξβ /α.pβ + T
β
γα .pβ.ξ
γ).eα ,
(80)
where
ξβ /α = f
β
δ.ξ
δ
/γ .fα
γ , T βγα = fα
δ.T σγδ .f
β
σ ,
T αβγ = Γ
α
γβ − Γ
α
βγ − Cβγ
α , (in a non-co-ordinate basis).
(81)
The action of the Lie differential operator on covariant tensor fields is deter-
mined by its action on basic tensor fields.
In a co-ordinate basis
£ξW = £ξ(WA.dx
A) = (ξWA).dx
A +WA.£ξdx
A =
= (£ξWA).dx
A , W ∈ ⊗k(M) ,
£ξdx
B = −km n(ξ).SAm
Bn.dxA , £ξdx
m = km n(ξ).dx
n ,
£ξdx
B = [−ξk ,l.SAk
Bl − SAm
Bn.(Pmnl + Γ
m
nl).ξ
l].dxA .
(82)
After introducing the abbreviations
Γ˜BAk = −SAi
Bj .Γijk , P
B
Ak = −SAi
Bj .P ijk , (83)
£ξW can be written in the form
£ξW = (£ξWA).dx
A =
= [ξk.WA ,k − ξ
k
,l.SAk
Bl.WB + (P
B
Al + Γ˜
B
Al).WB .ξ
l].dxA ,
(84)
where
£ξWA = ξ
k.WA,k − ξ
k
,l.SAk
Bl.WB + (P
B
Al + Γ˜
B
Al).WB.ξ
l =
= ξk.WA;k − SAk
Bl.WB .(ξ
k
;l − T
k
lj .ξ
j) =
= ξk.WA;k − SAk
Bl.WB .(ξ
k
;l − T
k
lj .ξ
j) ,
(85)
£∂jWA =WA,j + (P
B
Aj + Γ˜
B
Aj).WB ,
£∂jdx
B = −SAi
Bl.(P ilj + Γ
i
lj).dx
A = (P BAj + Γ˜
B
Aj).dx
A .
(86)
The second Lie derivative of the componentsWA of the covariant tensor field
W can be written in the form
£ξ£uWA = ξ
k.(£uWA),k − ξ
k
,l.SAk
Bl.£uWB + (P
B
Al + Γ˜
B
Al).ξ
l.£uWB . (87)
In a non-co-ordinate basis £ξW has the form
£ξW = (ξWA).e
A +WB.(£ξe
B) = (£ξWA).e
A , (88)
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where
£ξWA = ξ
β .eβWA − SAα
Bβ.WB .eβξ
α + (PBAγ + Γ˜
B
Aγ + C˜Aγ
B).WB .ξ
γ ,
Γ˜BAγ = −SAα
Bβ .Γαβγ , C˜Aγ
B = −SAα
Bβ .Cβγ
α ,
£eβe
B = (PBAβ + Γ˜
B
Aβ + C˜Aβ
B).eA ,
£eβWA = eβWA + (P
B
Aβ + Γ˜
B
Aβ + C˜Aβ
B).WB .
(89)
The second Lie derivative of WA in a non-co–ordinate basis has the form
£ξ£uWA = ξ
β .eβ(£uWA)− SAα
Bβ .(£uWB).eβξ
α + (90)
+(PBAγ + Γ˜
B
Aγ + C˜Aγ
B).ξγ .£uWB .
The Lie derivatives of covariant basic tensor fields can be given in terms of
the covariant derivatives of the components of the contravariant vector field ξ
and the torsion tensor
£ξe
B = [−SAα
Bβ .ξα /β + P
B
Aγ .ξ
γ + T˜ BAγ .ξ
γ ].eA , (91)
where T˜ BAγ = SAα
Bβ .T αβγ = SAα
Bβ .T αβγ .
£ξWA will then have the form
£ξWA = ξ
β .WA/β − SAα
Bβ.WB .(ξ
α
/β − T
α
βγ .ξ
γ) =
= ξβ .WA/β − SAα
Bβ .WB .(ξ
α
/β − T
α
βγ .ξ
γ) .
(92)
The generalization of the Lie derivatives for mixed tensor fields is analogous
to that for covariant derivatives of mixed tensor fields.
4.5 Classification of linear transports with respect to the
connections between contravariant and covariant affine
connections
By means of the Lie derivatives of covariant basis vector fields, a classification
can be proposed for the connections between the components Γijk (Γ
α
βγ) of the
contravariant affine connection Γ and the components P ijk (P
α
βγ) of the covariant
affine connection P . On this basis, linear transports (induced by the covariant
differential operator or by connections) and draggings-along (induced by the Lie
differential operator) can be considered as connected with each other through
commutation relations of both operators with the contraction operator.
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Transport condition Type of dragging − along and transports
Pαβγ + Γ
α
βγ + Cβγ
α = F αβγ ,
P ijk + Γ
i
jk = F
i
jk .
£eγe
α = F αβγ .e
β ,
£∂kdx
i = F ijk.dx
j .
Transport with arbitrary dragging-along
Pαβγ + Γ
α
βγ = Aγ .g
α
β ,
P ijk + Γ
i
jk = Ak.g
i
j .
£eγe
α = Aγ .e
α + Cβγ
α.eβ ,
£∂kdx
i = Ak.dx
i .
Transport with co-linear dragging-along
Pαβγ + Γ
α
βγ = 0 ,
P ijk + Γ
i
jk = 0 .
£eγ e
α = Cβγ
α.eβ ,
£∂kdx
i = 0 .
Transport with invariant dragging-along
Table 1. Relations between transport conditions and types of
draging-along
The classification of the relations between the affine connections is analogous
to the classification proposed by Schouten [27] and considered by Schmutzer [30].
5 Curvature operator. Bianchi identities
5.1 Curvature operator
One of the well known operator constructed by means of the covariant and the
Lie differential operators which has been used in the differential geometry of
differentiable manifolds is the curvature operator.
Definition 15 Curvature operator. The operator
R(ξ, u) = ∇ξ∇u −∇u∇ξ −∇£ξu = [∇ξ,∇u]−∇[ξ,u] , ξ, u ∈ T (M) , (93)
is called curvature operator (or operator of the curvature).
1. Action of the curvature operator on a function of a class Cr(M), r ≥ 2,
over a manifold M
[R(ξ, u)]f = 0 , f ∈ Cr(M), r ≥ 2 .
2. [R(ξ, u)]fv = f.[R(ξ, u)]v, f ∈ Cr(M), r ≥ 2, v ∈ T (M).
3. Action of the curvature operator on a contravariant vector field
[R(ξ, u)]v = ∇ξ∇uv −∇u∇ξv −∇£ξuv =
= [(vδ /β/γ − v
δ
/γ/β).u
β .ξγ + vδ /α.Tβγ
α.ξβ .uγ ].eδ =
= [(vi ;j;k − v
i
;k;j).u
j .ξk + vi ;j.Tkl
j .ξk.ul].∂i .
(94)
In such a way, we can find for ∀ ξ ∈ T (M) and ∀u ∈ T (M) the relation in a
co-ordinate basis
vi ;k;l − v
i
;l;k = − v
j .Ri jkl + v
i
;j .Tkl
j , (95)
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where
Ri jkl = Γ
i
jl,k − Γ
i
jk,l + Γ
m
jl .Γ
i
mk − Γ
m
jk.Γ
i
ml (96)
are called components of the (contravariant) curvature tensor (Riemannian ten-
sor) in a co-ordinate basis.
4. Action of the curvature operator on contravariant tensor fields.
For V = V A.eA = V
B.∂B, V ∈ ⊗
l(M) and the bases eA and ∂B the following
relations can be proved using the properties of SAk
Bl and ΓBAi:
[R(ξ, u)](f.V ) = f.[R(ξ, u)]V , (97)
[R(ξ, u)]V = V A.[R(ξ, u)]eA = V
B.[R(ξ, u)]∂B , (98)
[R(∂j , ∂i)]∂A = R
B
Aji.∂B = −SAk
Bl.Rk lji.∂B , (99)
where
RB Aji = −SAk
Bl.Rk lji , SAk
Bl
,i = 0 , (100)
RB Aji = Γ
B
Ai,j − Γ
B
Aj,i + Γ
C
Ai.Γ
B
Cj − Γ
C
Aj .Γ
B
Ci , (101)
[R(ξ, u)]V = − SBk
Al.V B.Rk lij .ξ
i.uj .∂A . (102)
On the other side, it follows from the explicit construction of [R(ξ, u)]V
[R(ξ, u)]V = (V A ;i;j − V
A
;j;i + V
A
;k.Tji
k).ui.ξj .∂A ,
V A ;i;j − V
A
;j;i = − SBk
Al.V B.Rk lji − Tji
k.V A ;k ,
[R(∂j , ∂i)]−∇T (∂j ,∂i)]V = (V
A
;i;j − V
A
;j;i).∂A .
(103)
5. The action of the curvature operator on covariant vector fields is deter-
mined by its structure and by the action of the covariant differential operator
on covariant tensor field.
In a co-ordinate basis
[R(ξ, u)]p = (∇ξ∇u −∇u∇ξ −∇£ξu)p = pl.P
l
ikj .ξ
k.uj.dxi =
= (pi;j;k − pi;k;j + Tkj
l.pi;l).u
j .ξk.dxi , (104)
[R(∂k, ∂l)]dx
i = P i jkl.dx
j , (105)
where
P i jkl = P
i
jl,k − P
i
jk,l + P
m
jk .P
i
ml − P
m
jl .P
i
mk = −P
i
jlk (106)
are called components of the covariant curvature tensor in a co-ordinate basis.
Special case: S = C : f i j = g
i
j : P
i
jk + Γ
i
jk = 0.
P i jkl = −R
i
jkl . (107)
In a non-co-ordinate basis:
[R(ξ, u)]p = pδ.P
δ
αβγ .ξ
β .uγ .eα =
= (pα/γ/β − pα/β/γ + Tβγ
δ.pα/δ).ξ
β .uγ .eα , (108)
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Pα δβγ = eβP
α
δγ − eγP
α
δβ + P
σ
δβ .P
α
σγ − P
σ
δγ .P
α
σβ − Cβγ
σ.Pαδσ . (109)
Pα δβγ = −P
α
δγβ are called components of the covariant curvature tensor
in a non-co-ordinate basis.
For a covariant tensor field W = WA.dx
A = WC .e
C ∈ ⊗k(M) we have the
relation in a co-ordinate basis
WA;i;j −WA;j;i = SAm
Bn.WB.P
m
nij +WA;l.Tij
l , (110)
and in a non-co-ordinate basis
WA/β/γ −WA/γ/β = SAα
Bδ.WB.P
α
δβγ +WA/δ.Tβγ
δ . (111)
5.2 Bianchi identities
If we write down the cycle of the action of the curvature operator on contravari-
ant vector fields, i. e. if we write
< [R(ξ, u)]v >= [R(ξ, u)]v + [R(v, ξ)]u+ [R(u, v)]ξ , (112)
and put the explicit form of every term in the cycle, then by the use of the covari-
ant and the Lie differential operator, after some (not so difficult) calculations,
we can find identities of the type written in the form
[R(ξ, u)]v + [R(v, ξ)]u + [R(u, v)]ξ ≡
≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ)+
+ (∇ξT )(u, v) + (∇vT )(ξ, u) + (∇uT )(v, ξ) ,
(113)
or in the form
< [R(ξ, u)]v >≡< T (T (ξ, u), v) > + < (∇ξT )(u, v) > . (114)
The identities are called Bianchi identities of first type (or of the type 1.),
where
< T (T (ξ, u), v) >≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ) ,
< (∇ξT )(u, v) >≡ (∇ξT )(u, v) + (∇vT )(ξ, u) + (∇uT )(v, ξ) ,
∇ξ[T (u, v)] = (∇ξT )(u, v) + T (∇ξu, v) + T (u,∇ξv) .
By the use of the curvature operator and the covariant differential operator
a new operator (∇wR)(ξ, u) can be constructed in the form
(∇wR)(ξ, u) = [∇w, R(ξ, u)]−R(∇wξ, u)−R(ξ,∇wu) , (115)
where
[∇w, R(ξ, u)] = ∇w ◦R(ξ, u)−R(ξ, u) ◦ ∇w , w, ξ, u ∈ T (M) .
(∇wR)(ξ, u) has the structure
(∇wR)(ξ, u) = ∇w∇ξ∇u −∇w∇u∇ξ +∇u∇ξ∇w −∇ξ∇u∇w+
+ ∇u∇∇wξ − ∇∇wξ∇u + ∇∇wu∇ξ − ∇ξ∇∇wu+
+∇£ξu∇w −∇w∇£ξu +∇£ξ∇wu −∇£u∇wξ .
(116)
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This operator obeys the s. c. Bianchi identity of second type (or of the type
2.)
< (∇wR)(ξ, u) >≡< R(w, T (ξ, u)) > , (117)
where
< (∇wR)(ξ, u) >≡ (∇wR)(ξ, u) + (∇uR)(w, ξ) + (∇ξR)(u,w) ,
< R(w, T (ξ, u)) >≡ R(w, T (ξ, u)) +R(u, T (w, ξ)) +R(ξ, T (u,w)) .
The Bianchi identity of type 2. can be written in a co-ordinate or in a non-
co-ordinate basis as an identity of the components of the contravariant curvature
tensor
Ri j<kl;m> ≡ R
i
j<kn.Tlm>
n ≡ −Ri jn<k.Tlm>
n , (118)
where
Ri j<kl;m> ≡ R
i
jkl;m +R
i
jmk;l +R
i
jlm;k ,
Ri j<kn.Tlm>
n ≡ Ri jkn.Tlm
n +Ri jmn.Tkl
n +Ri jlr .Tmk
r .
(119)
For the commutator
[∇w, R(ξ, u)] = ∇w ◦R(ξ, u)−R(ξ, u) ◦ ∇w
the following commutation identity is valid:
< [∇w, R(ξ, u)] >≡ − < R(w,£ξu) > , (120)
where
< [∇w, R(ξ, u)] >≡ [∇w, R(ξ, u)] + [∇u, R(w, ξ)] + [∇ξ, R(u,w)] ,
< R(w,£ξu) >≡ R(w,£ξu) +R(u,£wξ) +R(ξ,£uw) .
(121)
The curvature operator and the Bianchi identities have been applied in dif-
ferentiable manifolds with one affine connection. They can also find applications
in considerations concerning the characteristics of differentiable manifolds with
affine connections and metrics. The structure of the curvature operator induces
a construction of an other operator called deviation operator.
6 Deviation operator
By means of the structure of the curvature operator,
R(ξ, u) = ∇ξ∇u −∇u∇ξ −∇£ξu = [∇ξ,∇u]−∇[ξ,u] , (122)
the commutator [∇w, R(ξ, u)] [w, ξ, u ∈ T (M)] can be presented in the form
[∇w, R(ξ, u)] = [∇w,£Γ(ξ, u)] + [∇w, [∇ξ,∇u]]− [∇w, [£ξ,∇u]] , (123)
where
£Γ(ξ, u) = £ξ∇u −∇u£ξ −∇£ξu = [£ξ,∇u]−∇[ξ,u] . (124)
The operator £Γ(ξ, u) appears as a new operator, constructed by means of
the Lie differential operator and the covariant differential operator [31] - [34].
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Definition 16 The operator £Γ(ξ, u) is called deviation operator. Its proper-
ties contain the relations:
1. Action of the deviation operator on a function f : [£Γ(ξ, u)]f = 0 , f ∈
Cr(M), r ≥ 2.
2. Action of the deviation operator on a contravariant vector field:
[£Γ(ξ, u)](fv) = f [£Γ(ξ, u)]v , ξ, u, v ∈ T (M),
[£Γ(ξ, u)]v = vβ [£Γ(ξ, u)]eβ = v
j [£Γ(ξ, u)]∂j = u
γvβ [£Γ(ξ, eγ)]eβ = u
jvi[£Γ(ξ, ∂j)]∂i.
The connections between the action of the deviation operator and that of
the curvature operator on a contravariant vector field can be given in the form
[£Γ(ξ, u)]v = [R(ξ, u)]v + [∇u∇v −∇∇uv]ξ−
−T (ξ,∇uv) +∇u[T (ξ, v)] .
(125)
In a co-ordinate basis [£Γ(ξ, ∂l)]∂k has the form
[£Γ(ξ, ∂l)]∂k = [ξ
i
;k;l −R
i
klj .ξ
j + (Tjk
i.ξj);l].∂i = (£ξΓ
i
kl).∂i , (126)
where
∇∂j [T (ξ, ∂i)]− T (ξ,∇∂j∂i) = (Tli
k.ξl);j .∂k .
£ξΓ
i
kl is called Lie derivative of contravariant affine connection along the
contravariant vector field ξ. It can be written also in the form
£ξΓ
i
kl = ξ
i
,k,l + ξ
j .Γikl,j − ξ
i
,j.Γ
j
kl + ξ
j
,k.Γ
i
jl + ξ
j
,l.Γ
i
kj . (127)
By means of £ξΓ
i
kl the expression for [£Γ(ξ, u)]v can be presented in the
form
[£Γ(ξ, u)]v = vk.ul.(£ξΓ
i
kl).∂i =
= [ξi ;k;l.v
k.ul −Ri klj .v
k.ul.ξj + (Tjk
i.ξj);l.v
k.ul].∂i .
(128)
In this way, the second covariant derivative ∇u∇vξ of the contravariant
vector field ξ can be presented by means of the deviation operator in the form
∇u∇vξ = ([R(u, ξ)]v) +∇ξ∇uv −£ξ(∇uv)−∇u[T (ξ, v)]+
+[£Γ(ξ, u)]v =
= ([R(u, ξ)]v) +∇ξ∇uv −∇u£ξv −∇£ξuv −∇u[T (ξ, v)] .
(129)
For v = u the last identity is called generalized deviation identity [31].
It is used for analysis of deviation equations in spaces with affine connection
and metric (Ln-spaces, Un-spaces and Vn-spaces), where deviation equations
are considered with respect to their structure and solutions [35] - [39], and as
a theoretical ground for gravitational wave detectors in (pseudo) Riemannian
spaces without torsion (Vn-spaces) [40] - [46]. Deviation equations of Synge and
Schild and its generalization for (Ln, g)-spaces are considered in [26].
2. Action of the deviation operator on contravariant tensor field
[£Γ(ξ, u)]V = uγ .V A.[£Γ(ξ, eγ)]eA = u
γ .V B .(£ξΓ
A
Bγ).eA =
= −(SBα
Aβ .V B .£ξΓ
α
βγ .u
γ)eA , V ∈ ⊗
k(M) ,
(130)
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where
£ξΓ
A
Bγ = −SBα
Aβ .£ξΓ
α
βγ ,
([£Γ(ξ, u)]eB) = (£ξΓ
A
Bγ).u
γ .eA =
= −SBα
Aβ.[ξα /β/γ −R
α
βγδ.ξ
δ + (Tδβ
α.ξδ)/γ ].u
γ .eA .
(131)
3. The deviation operator obeys identity analogous to the 1. type Bianchi
identity for the curvature operator
〈[£Γ(ξ, u)]v〉 ≡ 〈(∇ξ∇u −∇∇ξu)v〉+ 〈T (T (ξ, u), v)〉−
−〈T (u,∇ξv)〉 , ξ, u, v ∈ T (M) ,
(132)
where
〈[£Γ(ξ, u)]v〉 = [£Γ(ξ, u)]v + [£Γ(v, ξ)]u+ [£Γ(u, v)]ξ ,
〈(∇ξ∇u −∇∇ξu)v〉 = (∇ξ∇u −∇∇ξu)v + (∇v∇ξ −∇∇vξ)u+
+(∇u∇v −∇∇uv)ξ ,
〈T (u,∇ξv)〉 = T (u,∇ξv) + T (v,∇uξ) + T (ξ,∇vu) .
(133)
In a non-co-ordinate basis this identity obtains the form
(£ξΓ
γ
αβ).v
α.uβ + (£uΓ
γ
αβ).ξ
α.vβ + (£vΓ
γ
αβ).u
α.ξβ ≡
≡ ξγ /α/β .v
α.uβ + uγ /α/β.ξ
α.vβ + vγ /α/β .u
α.ξβ+
+T〈αβ
κTκδ〉
γ .vα.ξβ .uδ−
−Tαβ
γ .(uα.vβ /δ.ξ
δ + vα.ξβ /δ.u
δ + ξα.uβ /δ.v
δ) .
(134)
The commutator of the covariant differential operator and the deviation
operator obeys the following identity
〈[∇w,£Γ(ξ, u)]〉 ≡ 〈[∇w, [£ξ,∇u]]〉 − 〈R(w,£ξu)〉 , (135)
where
〈[∇w,£Γ(ξ, u)]〉 = [∇w,£Γ(ξ, u)] + [∇u,£Γ(v, ξ)] + [∇ξ,£Γ(u, v)],
〈[∇w, [£ξ,∇u]]〉 = [∇w, [£ξ,∇u]] + [∇u, [£w,∇ξ]] + [∇ξ, [£u,∇w]] ,
〈R(w,£ξu)〉 = R(w,£ξu) +R(u,£wξ) +R(ξ,£uw) ,
ξ, u, w ∈ T (M).
4. The action of the deviation operator on covariant vector fields is deter-
mined by its structure and especially by the Lie differential operator.
In a non-co-ordinate basis
[£Γ(ξ, eγ)]e
α = £ξ∇eγ e
α −∇eγ£ξe
α −∇£ξeγe
α = (£ξP
α
βγ).e
β , (136)
where
£ξP
α
βγ = ξ
δ.eδP
α
βγ + P
α
δγ .eβξ
δ + Pαδγ .(P
δ
βρ + Γ
δ
βρ + Cβρ
δ).ξρ −
−eγ(eβξ
α)− eγ [(P
α
βρ + Γ
α
βρ + Cβρ
α).ξρ]−
−P δβγ .[eδξ
α + (Pαδρ + Γ
α
δρ + Cδρ
α).ξρ] +
+Pαβδ.(eγξ
δ − Cργ
δ.ξρ) , (137)
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eβξ
δ = fβ
σ.eσξ
κ.f δ κ , Γ
δ
βρ = f
δ
κ.fβ
σ.Γκσρ . (138)
The expression for £ξP
α
βγ can also be written in the form
£ξP
α
βγ = −P
α
βγδ.ξ
δ − ξα /β/γ + Tβδ
α.ξδ /γ + Tβδ
α
/γ .ξ
δ . (139)
£ξP
α
βγ is called Lie derivative of the components P
α
βγ of the covariant affine
connection P in a non-co-ordinate basis.
Special case: S = eϕ.C : fα β = e
ϕ.gαβ , f
i
j = e
ϕ.gij , fi
j = e−ϕ.gji .
£ξP
i
jk = −P
i
jkl.ξ
l − ξi ;j;k + Tjl
i.ξl ;k + Tjl
i
;k.ξ
l . (140)
The Lie derivative of the components of the covariant affine connection P
could be used in considerations related to deviation equations for covariant
vector fields.
7 Extended covariant differential operator. Ex-
tended derivative
If Γijk are components of a contravariant affine connection Γ and P
i
jk are com-
ponents of a covariant affine connection P in a given (here co-ordinate) basis in
a (Ln, g)-space, then Γ
i
jk and P
i
jk
Γ ijk = Γ
i
jk −A
i
jk , P
i
jk = P
i
jk − B
i
jk ,
A = A i jk.∂i ⊗ dx
j ⊗ dxk , B = B i jk.∂i ⊗ dx
j ⊗ dxk , A , B ∈ ⊗1 2(M) ,
are components (in the same basis) of a new contravariant affine connection Γ
and a new covariant affine connection P respectively.
Γ and P correspond to a new [extended with respect to ∇u, u ∈ T (M)]
covariant differential operator e∇u
e∇∂k∂j = Γ
i
jk.∂i ,
e∇eβeα = Γ
γ
αβ .eγ ,
e∇∂kdx
i = P ijk.dx
j , e∇eγe
α = P
α
βγ .e
β ,
with the same properties as the covariant differential operator ∇u.
If we choose the tensors A and B with certain predefined properties, then
we can find Γ and P with predetermined characteristics. For instance, we can
find P for which e∇ug = 0, ∀u ∈ T (M), g ∈ ⊗2(M), although ∇ug 6= 0 for the
covariant affine connection P . On the other side, A i jk and B
i
jk are related to
each other on the basis of the commutation relations of e∇u and ∇u with the
contraction operator S. From
∇u ◦ S = S ◦ ∇u ,
e∇u ◦ S = S ◦
e∇u ,
we have
(S ◦ e∇∂k)(∂j ⊗ dx
i) = Γ ljk.f
i
l −A
l
jk.f
i
l + P
i
lk.f
l
j −B
i
lk.f
l
j ,
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(e∇∂k ◦ S)(∂j ⊗ dx
i) = e∇∂k(S(∂j ⊗ dx
i)) = e∇∂k(f
i
j) = ∂k(f
i
j) = f
i
j,k .
Therefore,
f i j,k = Γ
l
jk.f
i
l −A
l
jk.f
i
l + P
i
lk.f
l
j −B
i
lk.f
l
j .
Since (∇∂k ◦S)(∂j ⊗ dx
i) = (S ◦∇∂k)(∂j ⊗ dx
i) leads to the relation f i j,k =
Γ ljk.f
i
l + P
i
lk.f
l
j , we obtain the connection between A
i
jk and B
i
jk in the
form A l jk.f
i
l +B
i
lk.f
l
j = 0.
Therefore, B i jk = − A
l
mk.f
i
l.fj
m = − A i jk andA
i
jk = − B
m
lk.f
l
j .fm
i =
− B i jk.
We can write e∇∂k in the form
e∇∂k = ∇∂k −A∂k with A∂k = A
i
jk.∂i ⊗
dxj .
e∇u can also be written in the form
e∇u = ∇u−Au with Au = A
i
jk.u
k.∂i⊗
dxj .
Au appears as a mixed tensor field of second rank but acting on tensor fields
as a covariant differential operator because e∇u is defined as covariant differ-
ential operator with the same properties as the covariant differential operator
∇u.
Definition 17 Extended to ∇u covariant differential operator. The linear dif-
ferential operator e∇u : v →
e∇uv = v˜, v, v˜ ∈ ⊗
k
l(M), with the properties of
∇u.
From the properties of e∇u and ∇u the properties of the operator Au follow
Au : v → Auv , u ∈ T (M) , v,Auv ∈ ⊗
k
l(M) .
(a) Au(v + w) = Auv +Auw , v, w ∈ ⊗
k
l(M).
(b) Au(f.v) = f.Auv , f ∈ C
r(M).
(c) Au+ vw = Auw + Avw.
(d) Af.uv = f.Auv.
(e) Auf = 0.
(f) Au(v ⊗ w) = Auv ⊗ w + v ⊗ Auw , v ∈ ⊗
k
l(M), w ∈ ⊗
m
r(M).
(g) Au ◦ S = S ◦ Au (commutation relation with the contraction operator
S).
All properties of Au correspond to the properties of
e∇u and ∇u as well
defined covariant differential operators. In fact, Au can be defined as Au =
∇u −
e∇u. If Au is a given mixed tensor field, then
e∇u can be constructed in
an unique way.
On the grounds of the above considerations we can formulate the following
proposition:
Proposition 18 To every covariant differential operator ∇u and a given tensor
field Au ∈ ⊗
1
1(M) acting as a covariant differential operator on tensor field in
a (Ln, g)-space corresponds an extended covariant differential operator
e∇u =
∇u −Au.
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In accordance to its property (c): Au+ v = Au+Av, Au has to be linear to u.
On the other side, Au as a mixed tensor field of second rank can be represented
by the use of the existing in (Ln, g)-space contravariant and covariant metrics g
and g respectively in the form Au = g(Au), where Au is a covariant tensor field
of second rank constructed by the use of a tensor field C and a contravariant
vector field u in such a way that Au is linear to u. There are at least three
possibilities for construction of a covariant tensor field of second rank Au in
such a way that Au is linear to u, i. e. Au = C(u) = Cij(u).dx
i ⊗ dxj with
1. Au = C(u) = A(u) = Aijk .u
k.dxi ⊗ dxj , A = Aijk.dx
i ⊗ dxj ⊗ dxk ∈
⊗3(M), u ∈ T (M).
2. Au = C(u) = ∇uB = Bij;k.u
k.dxi ⊗ dxj , B = Bij .dx
i ⊗ dxj ∈ ⊗2(M),
u ∈ T (M).
3. Au = C(u) = A(u) + ∇uB, A(u) = Aijk.u
k.dxi ⊗ dxj , A = Aijk .dx
i ⊗
dxj⊗dxk ∈ ⊗3(M), u ∈ T (M); ∇uB = Bij;k.u
k.dxi⊗dxj , B = Bij .dx
i⊗dxj ∈
⊗2(M), u ∈ T (M).
An extended covariant differential operator e∇u = ∇u −Au can obey addi-
tional conditions determining the structure of the mixed tensor field Au (acting
on tensor fields as a covariant differential operator). One can impose given con-
ditions on e∇u leading to determined properties of Au and vice versa: one can
impose conditions on the tensor field Au leading to determined properties of
e∇u.
Every extended covariant differential operator as well as every covariant
differential operator have their special type of transports of covariant vector
fields.
8 Metrics
The notion contraction operator has been introduced, acting on two vectors
belonging to two different vector spaces with equal dimensions in a point of a
differentiable manifold M and juxtaposing to them a function over M . If a
contraction operator is acting on two vectors belonging to one and the same
vector space, then this operator is connected with the notion metric.
Definition 19 Metric. Contraction operator S acting on two vectors of one
and the same vector space and mapping them to an element of the field F (R
or C).
Definition 20 Metric over a differentiable manifold M . Contraction operator
S, acting on two vector fields which vectors in every given point x ∈ M belong
to one and the same vector space, i.e. S : (u, v) → S(u, v) ∈ Cr(M), ux, vx ∈
Nx(M).
8.1 Covariant metric
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Definition 21 Covariant metric. Contraction operator S, acting on two con-
travariant vector fields over a manifold M , which action is identified with the
action of a covariant symmetric tensor field of rank two on the two vector fields,
i.e.
S(u, v) ≡ g(u, v) := S(g, q) = S(g, u⊗ v) = S(g ⊗ (u⊗ v)) , q = u⊗ v. (141)
The tensor g = gαβ .e
α.eβ = gij .dx
i.dxj is called covariant metric tensor field
(covariant metric) and g(x) = gx ∈ ⊗2/x(M) is called covariant metric tensor
(covariant metric) at a point x ∈M .
(a) Action of the covariant metric on two contravariant vector fields in a
co-ordinate basis
g(u, v) = gkl.f
k
i.f
l
j .u
i.vj = giju
i.vj = gkl.u
k.vl = ul.v
l = uj.v
j ,
gij = f
k
i.f
l
j .gkl , u
k = fk i.u
i ,
uj = gij.u
i , ul = gkl.u
k = gkl.u
k .
(142)
Remark 4 g(u, v) is also called scalar product of the contravariant vector fields
u and v over the manifold M . When v = u, then
g(u, u) = gαβ.u
α.uβ = gαβ .u
α.uβ = uα.u
α = uα.u
α = (143)
:= u2 = ± | u |2:= ± l2u , (144)
and g(u, u) = u2 = ± l2u is called the square of the length of the contravariant
vector field u.
(b) The action of the covariant metric on a contravariant vector field u can
be introduced by means of the contraction operator S in a co–ordinate basis as
g(u) := Sj k(g, u) = S
j
k(gij .dx
i.dxj , uk.∂k) =
= gij .u
k.Sj k(dx
i.dxj , ∂k) = gij .u
k.f j k.dx
i =
= gik.u
k.dxi = gij .u
j.dxi = u(g) , gik = gij .f
j
k .
(145)
Remark 5 The abbreviation u(g) is equivalent to the abbreviation (u)(g) :=
S(u, g). It should not be considered as the result of the action of the contravari-
ant vector field u on g. Such action of u on g is (until now) not defined.
The action of the covariant metric g on a contravariant vector field u con-
sidered in index form (in a given basis) is called lowering indices by means
of g. The result of the action of g on u ∈ T (M) is a covariant vector field
g(u) ∈ T ∗(M). On this ground, g can be defined as linear mapping (operator)
which maps every element of T (M) in a corresponding element of T ∗(M), i.e.
g : u→ g(u) ∈ T ∗(M), u ∈ T (M).
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8.1.1 Covariant symmetric affine connection
In a non-co-ordinate basis the covariant affine connection P will have the form
P γαβ = P
γ
αβ +
1
2
.U γαβ , (146)
where
P γαβ =
1
2 (P
γ
αβ + P
γ
βα + Cαβ
γ) ,
U γαβ = P
γ
αβ − P
γ
βα − Cαβ
γ = −U γβα .
(147)
The components of the covariant derivative of covariant metric tensor field
g can be presented by means of the covariant symmetric affine connection. If
gαβ;γ = eγgαβ + P
δ
αγ .gδβ + P
δ
βγ .gαδ (148)
is the covariant derivative of the components gαβ of the covariant metric tensor g
with respect to the covariant symmetric affine connection P in a non-co-ordinate
basis, then
gαβ/γ = gαβ;γ +
1
2
(U δαγ .gδβ + U
δ
βγ .gαδ) . (149)
On the other side, the components of the covariant symmetric affine connec-
tion P
δ
αβ can be written in the form
gδγ .P
δ
αβ = −{αβ, γ}+Kαβγ + Cαβγ +
1
2 (gδα.U
δ
βγ + gδβ .U
δ
αγ ) =
= −{αβ, γ}+ Cαβγ +
1
2 (gαγ;β + gβγ;α − gαβ;γ) ,
(150)
where
{αβ, γ} = 12 (eαgβγ + eβgαγ − eγgαβ) ,
Kαβγ =
1
2 (gαγ/β + gβγ/α − gαβ/γ) ,
Cαβγ =
1
2 (gδα.Cβγ
δ + gδβ.Cαγ
δ + gδγ .Cαβ
δ) .
(151)
By means of the last expressions P γαβ can be represented in the form
gδγ .P
δ
αβ = −{αβ, γ}+Kαβγ + Uαβγ + Cαβγ , (152)
where
Uαβγ =
1
2
(gδα.U
δ
βγ + gδβ .U
δ
αγ + gδγ .U
δ
αβ) . (153)
In the special case, when the condition gαβ;γ = 0 is required, then the
following proposition can be proved:
Proposition 22 The necessary and sufficient condition for gαβ;γ = 0 is the
condition
gδγ .P
δ
αβ = −{αβ, γ}+ Cαβγ . (154)
32
The proof follows imediately from (150).
In a co-ordinate basis the covariant derivative of the components gij of g can
in analogous way be presented by means of the components P ijk of the covariant
symmetric affine connection
gij;k = gij,k + P
l
ik.glj + P
l
jk.gil +
1
2 (U
l
ik.glj + U
l
jk.gil) =
= gij/k +
1
2 (U
l
ik.glj + U
l
jk.gil) ,
(155)
where
gij/k = gij,k + P
l
ik.glj + P
l
jk.gil . (156)
8.1.2 Action of the Lie differential operator on the covariant metric
In a co-ordinate basis £ξg will take the form
£ξg = (£ξgij).dx
i.dxj =
= [gij;k.ξ
k + gkj .ξ
k
;i + gik.ξ
k
;j + (gkj .T
k
li + gik.T
k
lj ).ξ
l].dxi.dxj .
(157)
The following relations are also fulfilled:
£ξ[g(u, v)] = ξ[g(u, v)] = (£ξg)(u, v) + g(£ξu, v) + g(u,£ξv) ,
£ξ[g(u)] = (£ξg)(u) + g(£ξu) , ξ, u, v ∈ T (M) .
(158)
The action of the Lie differential operator is called dragging-along a con-
travariant vector field. On the basis of draggings-along the metric tensor field g
notions as arbitrary (non-metric) draggings-along, quasi-projective draggings-
along, conformal motions and motions can be defined and considered in anal-
ogous way as in (Ln, g)-spaces. Here we will only define different types of
draggings-along.
1. Arbitrary (non-metric) draggings-along
£ξg = qξ , ∀ξ ∈ T (M) , qξ ∈ ⊗sym2(M) ,
2. Quasi-projective draggings-along
£ξg =
1
2
[p⊗ g(ξ) + g(ξ)⊗ p] , ξ ∈ T (M) , p ∈ T ∗(M) .
3. Conform-invariant draggings-along (conformal motions)
£ξg = λ.g , λ ∈ C
r(M) , ξ ∈ T (M) .
4. Isometric draggings-along (motions)
£ξg = 0 , ξ ∈ T (M) .
For all types of draggings-along changes of the scalar product of two con-
travariant vector fields and the changes of the length of these fields can be found
and used in the analogous way as in (Ln, g)-spaces.
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8.2 Covariant projective metric
If a covariant metric field g is given and there exists a contravariant vector
field u which square of the length g(u, u) = e 6= 0, then a new covariant tensor
field can be constructed orthogonal to the vector field u. It possesses properties
analogous to these of the covariant tensor field g acting on contravariant vector
fields in every orthogonal to u(x) = ux ∈ Tx(M) subspace T
⊥u
x (M) in Tx(M),
where (T⊥ux (M) = {ξx} : gx(ξx, ux) = 0), gx ∈ ⊗sym2/x(M).
Definition 23 Covariant projective metric. Covariant metric, orthogonal to
a given non-isotropic (non-null) vector field u [e = g(u, u) 6= 0], i.e. covariant
metric hu satisfying the condition hu(u) = u(hu) = 0 and constructed by means
of the covariant metric g and u in the form
hu = g −
1
g(u, u)
.g(u)⊗ g(u) = g −
1
e
.g(u)⊗ g(u) . (159)
The properties of the covariant projective metric follow from its construction
and from the properties of the covariant metric g:
(a) hu(u) = u(hu) = 0, [g(u)](u) = g(u, u) = e.
(b) hu(u, u) = 0.
(c) hu(u, v) = hu(v, u) = 0 , ∀v ∈ T (M).
8.3 Contravariant metric
Definition 24 Contravariant metric. Contraction operator S, acting on two
covariant vector fields over a manifold M which action is identified with the
action of a contravariant symmetric tensor field of rank two on the two vector
fields, i.e.
S(p, q) ≡ g(p, q) := S(g, w) := S(g, p⊗ q) = S(g ⊗ (p⊗ q)) , w = p⊗ q ,
The tensor field g = gαβ.eα.eβ = g
ij .∂i.∂j is called contravariant metric
tensor field (contravariant metric). g(x) = gx ∈ ⊗
2
x(M) is called contravariant
metric tensor in x ∈M .
The properties of the contravariant metric are determined by the properties
of the contraction operator and its identification with the contravariant sym-
metric tensor field of rank 2. On this basis the following properties can be
proved:
(a) Action of the contravariant metric on two covariant vector fields in a
co-ordinate basis
g(p, q) = gkl.f i k.f
j
l.pi.qj = g
ij .pi.qj = g
kl.pk.ql = p
j.qj = pk.q
k ,
pk = f
i
k.pi , ql = f
j
l.qj , p
j = gji.pi .
[When q = p, then g(p, p) = p2 = ± | p |2 is called square of the length of
the covariant vector field p.]
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(b) Action of the contravariant metric g on covariant vector field
g(p) = p(g) = gij .pk.f
k
j .∂i = g
ij .pj .∂i = g
ik.pk.∂i = p
i.∂i ,
gik = gil.fk l , p
i = gij .pj = g
ij .pj ,
The action of the contravariant metric g on covariant vector field p in a
given basis is called raising of indices by means of the contravariant metric.
The result of this action is a contravariant vector field g(p). On this basis g can
be defined as a linear mapping (operator) which maps an element of T ∗(M) in
an element of T (M):
g : p→ g(p) ∈ T (M) , p ∈ T ∗(M) .
The connection between the contravariant and covariant metric can be de-
termined by the conditions
g[g(u)] = u , u ∈ T (M) , g[g(p)] = p , p ∈ T ∗(M) . (160)
In a co-ordinate basis these conditions take the forms:
gij .gjk = g
i
k , gij .g
jk = gki . (161)
From the last expressions the relation follows
g[g] = gijg
ij = n , g[g] = gij .gij = n , dimM = n . (162)
8.3.1 Contravariant symmetric affine connection
From the transformation properties of the components of the contravariant affine
connection, it follows that the quantity
1
2
(Γγαβ + Γ
γ
βα − Cαβ
γ) or
1
2
(Γkij + Γ
k
ji)
has the same transformation properties as the contravariant affine connection
itself. This fact can be used as usual for representing the contravariant affine
connection by means of its symmetric and anti-symmetric part in the form
Γkij = Γ
k
ij −
1
2T
k
ij , Γ
k
ij =
1
2 (Γ
k
ij + Γ
k
ji) , T
k
ij = Γ
k
ji − Γ
k
ij ,
(in a co-ordinate basis) ,
Γγαβ = Γ
γ
αβ −
1
2T
γ
αβ , Γ
γ
αβ =
1
2 (Γ
γ
αβ + Γ
γ
βα − Cαβ
γ) ,
T γαβ = Γ
γ
βα − Γ
γ
αβ − Cαβ
γ ,
(in a non-co-ordinate basis) .
(163)
Γ
k
ij (Γ
γ
αβ) are called components of the contravariant symmetric affine con-
nection in a co-ordinate (respectively in a non-co-ordinate) basis.
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The components of the covariant derivative of the contravariant metric ten-
sor field g can be represented by means of the contravariant symmetric affine
connection. If we introduce the abbreviations
gαβ ;γ = eγg
αβ + Γ αδγ .g
δβ + Γ βδγ .g
αδ (in a non-co-ordinate basis) ,
gij /k = g
ij
,k + Γ
i
lk.g
lj + Γ jlk.g
il (in a co-ordinate basis) ,
(164)
where gαβ ;γ is the covariant derivative of the components of the contravariant
metric tensor g with respect to the contravariant symmetric affine connection Γ
in a non-co-ordinate basis, then
gαβ /γ = g
αβ
;γ −
1
2
(T αδγ .g
δβ + T βδγ .g
αδ) . (165)
By means of the explicit expression for gαβ /κ.g
κγ and the usual method for
expressing the components of the symmetric affine connection the components
of the contravariant symmetric affine connection can be represented in the form
gαδ.gβκ.Γ γδκ = K
αβγ − {αβ,γ} − C αβγ −
1
2
gγδ(gβκT ακδ + g
ακT βκδ ) , (166)
where
{αβ,γ} = 12 (g
ακ.eκg
βγ + gβκ.eκg
αγ − gγκ.eκg
αβ) ,
K αβγ = 12 (g
αγ
/κ.g
βκ + gβγ /κ.g
ακ − gαβ /κ.g
γκ) ,
C αβγ = 12 (g
γδ.gβκ.Cκδ
α + gγδ.gακ.Cκδ
β + gαδ.gβκ.Cδκ
γ) .
(167)
{αβ,γ} are called Christoffel symbols of the first kind for the contravariant
symmetric affine connection in a non-co-ordinate basis.
The components Γγαβ of the contravariant affine connection Γ can be written
by means of the last abbreviations in the form
gαδ.gβκ.Γγδκ = −{
αβ,γ}+K
αβγ
− T
αβγ
− C
αβγ
, (168)
where
T
αβγ
=
1
2
(gγδ.gβκ.T ακδ + g
γδ.gακ.T βκδ + g
αδ.gβκ.T γδκ ) . (169)
By using the connections between the components of the covariant metric,
the components of the contravariant metric and their derivatives
gαβ .g
βγ = gγα , gαδ.eκg
δγ = −gδγ .eκ(gαδ) ,
gαδ.g
γδ
/κ = −g
γδ.gαδ/κ ,
(170)
the components of the contravariant affine connection Γ can be represented in
a non-co-ordinate basis in the form
Γγαβ = {
γ
αβ} −Kαβ
γ − Sαβ
γ − Cαβ
γ , (171)
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where
{γαβ} =
1
2g
γδ[eβ(gαδ) + eα(gβδ)− eδ(gαβ)] =
= −gαρ.gβσ.{
ρσ,γ} , Kαβ
γ = −gαρ.gβσ.K
ρσγ ,
Sαβ
γ = −gαρ.gβσ.T
ρσγ , Cαβ
γ = −gαρ.gβσ.C
ρσγ .
(172)
{γαβ} are called generalized Christoffel symbols of the second kind for the
contravariant symmetric affine connection in a non-co-ordinate basis.
In analogous way, when a contravariant and covariant metric fields are given,
the covariant affine connection can be presented by means of the both types of
tensor metric fields in the form
P γαβ = −{
γ
αβ}+Kαβ
γ + Uαβ
γ + Cαβ
γ , (173)
where
{γαβ} = g
γσ.{αβ, γ} , Kαβ
γ = gγσ.Kαβσ ,
Uαβ
γ = gγσ.Uαβσ , Cαβ
γ = gγσ.Cαβσ .
(174)
{γαβ} are called generalized Christoffel symbols of the second kind for the
covariant symmetric affine connection in a non-co-ordinate basis.
The same expressions can be obtained also in a co-ordinate basis.
For the special case, when the condition of vanishing of the covariant deriva-
tives of the contravariant metric with respect to the contravariant symmetric
affine connection is required, i.e. gαβ ;γ = 0, then the components of the
contravariant symmetric affine connection can be written in the form Γ
γ
αβ =
{γαβ} − Cαβ
γ .
The last expression is the necessary and sufficient condition for gαβ ;γ = 0.
In a co-ordinate basis the necessary and sufficient condition for gij /k = 0 takes
the form Γ
k
ij = {
k
ij}.
On the basis of the connection between the covariant derivative of the con-
travariant tensor metric field and the covariant derivative of the covariant tensor
metric field
∇ξg = −g(∇ξg)g , (∇ξg)[g(u)] = −g[(∇ξg)(u)] , ∀ξ, ∀u ∈ T (M) ,
∇ξg = −g(∇ξg)g , (∇ξg)[g(p)] = −g[(∇ξg)(p)] ,
∀ξ ∈ T (M), ∀p ∈ T ∗(M) ,
one can prove that there is one-to-one correspondence between the transports
of g and g. Every transport of the covariant tensor metric field g induces a
corresponding transport of the contravariant tensor metric field g and vice versa.
8.4 Contravariant projective metric
The notion of contravariant projective metric with respect to a non-isotropic
(non-null) contravariant vector field u can be introduced in two different ways:
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(a) by definition
hu = g −
1
g(u, u)
.u⊗ u = g −
1
e
.u⊗ u , e = g(u, u) 6= 0 , (175)
(b) by inducing from the covariant projective metric using the relations
between the covariant and contravariant metric
hu = g(hu)g = g −
1
e
.u⊗ u , g(g)g = g , g(g(u)⊗ g(u))g = u⊗ u . (176)
hu is called contravariant projective metric with respect to the non-isotropic
contravariant vector field u.
The properties of the contravariant projective metric are determined by its
structure.
9 Bianchi identities for the covariant curvature
tensor
9.1 Bianchi identity of first type for the covariant curva-
ture tensor
The existence of contravariant and covariant metrics allow us to consider the
action of the curvature operator on a covariant vector field g(v) = gαβ .v
β .eα =
gij .v
j .dxi, constructed by the use of the covariant metric g and a contravariant
vector field v.
The identity
< g{([R(ξ, u)]g)(v)} >≡< g([R(ξ, u)][g(v)]) > − < [R(ξ, u)]v >≡
≡ < g([R(ξ, u)][g(v)]) > − < T (T (ξ, u), v) > − < (∇ξT )(u, v) > (177)
is called Bianchi identity of first type (of the type 1.) for the covariant curvature
tensor.
In a co-ordinate basis the Bianchi identity of first type will have the forms
P l <ijk> ≡ −g
mn.Rl m<ij .gk>n , (178)
Rl <ijk> ≡ −g
lm.gmn.P
n
<ijk> ≡ T<ij
l
;k> + T<ij
m.Tmk>
l . (179)
It is obvious that the form of the Bianchi identity of first type for the com-
ponents of the covariant curvature tensor is not so simple as the form of the
Bianchi identity for the components of the contravariant curvature tensor.
9.2 Bianchi identity of second type for the covariant cur-
vature tensor
The action of the operator (∇wR)(ξ, u) can be extended to an action on covari-
ant vector and tensor fields in an analogous way as in the case of contravariant
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vector and tensor fields. By the use of the relation
∇w{[R(ξ, u)]p} = [(∇wR)(ξ, u)]p+ [R(∇wξ, u)]p+
+ [R(ξ,∇wu)]p+ [R(ξ, u)](∇wp) , w, ξ, u ∈ T (M) , p ∈ T
∗(M) , (180)
we can find the identity
< (∇wR)(ξ, u) > p ≡< R(w, T (ξ, u)) > p , (181)
where
< (∇wR)(ξ, u) > p = [(∇wR)(ξ, u)]p+ [(∇uR)(w, ξ)]p+ [(∇ξR)(u,w)]p ,
< R(w, T (ξ, u)) > p = [R(w, T (ξ, u))]p+ [R(u, T (w, ξ))]p+
+[R(ξ, T (u,w))]p . (182)
The identity (181) is called Bianchi identity of second type (of type 2.) for
the covariant curvature tensor.
The Bianchi identity of second type will have the form in a co-ordinate basis
P i j<kl;m> = P
i
jkl;m + P
i
jmk;l + P
i
jlm;k ≡
≡ P i j<kn.Tlm>
n = P i jkn.Tlm
n + P i jmn.Tkl
n + P i jlr .Tmk
r .(183)
10 Invariant volume element
10.1 Definition and properties
The notion of volume element of a manifold M can be generalized to the notion
of invariant volume element [14].
Definition 25 The volume element of a manifold M (dimM = n)
d(n)x = d(n)x = dx1 ∧ ... ∧ dxn (in a co-ordinate basis),
dVn = e
1 ∧ ... ∧ en (in a non-co-ordinate basis).
The properties of the volume element could be represented as follows:
d(n)x = 1n! .εA.ω
A = 1n! .εA.dx̂
A , d(n
′)x′ = J−1.d(n)x ,
dVn =
1
n! .εA.ω
A = 1n! .εA.ê
A , dV ′n = J
−1.dVn ,
(184)
where J = det(Aα′
α) = det(∂xi/∂xi
′
), dV ′n = e
1′ ∧ ...en
′
, εA = εi1...in , ω
A =
dxi1 ∧ ... ∧ dxin , εA is the Levi-Civita symbol [14],
εA′ .ω
A′ = J−1.εA.ω
A , εA.ω
A = J.εA′ .ω
A′ ,
εA′ .dx̂
A′ = J−1.εA.dx̂
A , εA.dx̂
A = J.εA′ .dx̂
A′ ,
d(n)x = 1n! .εA.ω
A = J. 1n! .εA′ .ω
A′ = 1n! .J.εA′ .dx̂
A′ .
The transformation properties of the volume element are corresponding to
these of a tensor density of the weight ω = − 12 . Therefore, for the construction
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of an invariant volume element (keeping its form and independent of the choice
of a full anti-symmetric tensor basis) it is necessary the volume element to be
multiplied with a tensor density with the weight ω = 12 and rank 0. Since the
covariant metric tensor field is connected with the basic characteristics of con-
travariant (and covariant) vector fields and determines along with them notions
(such as length of a contravariant vector, cosine of the angle between two con-
travariant vectors) which in the Euclidean geometry are related to the notion
volume element, the covariant metric tensor density Q˜g with a weight ω =
1
2
and rank 0 (Q˜g =| dg |
1
2 ) appears as a suitable multiplier to a volume element
[50].
Definition 26 The invariant volume element dω of a manifold M (dimM =
n).
dω =
√
−dg.d
(n)x := 1n! .εA.ω
A , ωA =
√
−dg. ω
A , dg < 0 ,
(invariant volume element in a co-ordinate basis),
dω =
√
−dg.dVn , dg < 0 ,
(invariant volume element in a non-co-ordinate basis).
From the transformation properties of
√
−dg :
√
−d′g = ±J.
√
−dg the in-
variance of the invariant volume element follows: dω′ = ± dω, where
dω′ =
√
−d′g.d
(n′)x′ (in a co-ordinate basis),
dω′ =
√
−d′g.dV
′
n (in a non-co-ordinate basis). (185)
Remark 6 The sign (−) in ± dω can be omitted because of the identical config-
uration (order, orientation) of the basic vector fields in the old and in the new
tensor basis.
From the definition of the invariant volume element the relations connected
with its structure follow:
dω′ =
1
n!
.
√
−d′g.εA′ .ω
A′ =
1
n!
.
√
−dg.εA.dω
A = dω . (186)
10.2 Action of the covariant differential operator on an
invariant volume element
The action of the covariant differential operator on an invariant volume element
is determined by its action on the elements of the construction of the invariant
volume element (the Levi-Civita symbols, the full anti-symmetric tensor basis,
the metric tensor density). From dω = 1n! .εA.ω
A and ∇ξ(dω), it follows
∇ξ(dω) = ∇ξ[
1
n!
.(εA.ω
A)] =
1
n!
[(ξεA).ω
A + εA.∇ξω
A] . (187)
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∇ξ(dω) can be written in the form
∇ξ(dω) =
1
2
.g[∇ξg].
1
n!
.εA.ω
A =
1
2
.g[∇ξg].dω . (188)
∇ξ(dω) is called covariant derivative of the invariant volume element dω
along the contravariant vector field ξ.
10.3 Action of the Lie differential operator on an invariant
volume element
The action of the Lie differential operator on an invariant volume element is
determined in analogous way as the action of the covariant differential operator
£ξ(dω) =
1
n! .£ξ(εA.ω
A) = 1n! [(ξεA).ω
A + εA.£ξω
A] =
= 1n! .εA.£ξω
A .
(189)
After some computation, it follows for £ξ(dω)
£ξ(dω) =
1
n! .εA.
1
2 .g[£ξg].ω
A = 12 .g[£ξg].
1
n! .εA.ω
A ,
£ξ(dω) =
1
2 .g[£ξg].dω .
(190)
£ξ(dω) is called Lie derivative of the invariant volume element dω along the
contravariant vector field ξ.
Special case: Metric transports (∇ξg = 0) : ∇ξ(dω) = 0.
Special case: Isometric draggings along (motions) (£ξg = 0) : £ξ(dω) = 0.
.
In some cases, when the conservation of the volume is required as an ad-
ditional condition, one can introduce a new covariant differential operator or
a new Lie differential operator which do not change the invariant volume ele-
ment, i. e. they act on dω in an analogous way as ∇ξ and £ξ act on constant
functions.
10.4 Covariant differential operator preserving the invari-
ant volume element
The variation of the invariant volume element dω under the action of the co-
variant differential operator ∇ξ
∇ξ(dω) =
1
2
.g[∇ξg].dω
allows the introduction of a new covariant differential operator ω∇ξ preserving
by its action the invariant volume element.
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Definition 27 ω∇ξ is a covariant differential operator preserving the invariant
volume element dω along a contravariant vector field ξ
ω∇ξ = ∇ξ −
1
2
.g[∇ξg] .
The properties of ω∇ξ are determined by the properties of the covariant dif-
ferential operator and the existence of a covariant metric tensor field g connected
with its contravariant metric tensor field g:
(a) Action on an invariant volume element dω:
ω∇ξ(dω) = 0 , (191)
It follows from the definition of ω∇ξ and (188).
(b) Action on a contravariant basic vector field:
ω∇∂j∂i = (Γ
k
ij −
1
2
.glm.glm;j.g
k
i ).∂k . (192)
(c) Action on a covariant basic vector field:
ω∇∂jdx
i = (P ikj −
1
2
.glm.glm;j.g
i
k).dx
k . (193)
(d) Action on a function f over M
ω∇ξf = ξf −
1
2
.g[∇ξg].f , f ∈ C
r(M) , r ≥ 1 . (194)
If we introduce the abbreviations
Qβ = g[∇eβg] = g
γδ.gγδ/β , Qj = g[∇∂jg] = g
kl.gkl;j , (195)
Q = Qβ .e
β = Qj.dx
j , (196)
ωΓγαβ = Γ
γ
αβ −
1
2
.gγα.Qβ ,
ωPαγβ = P
α
γβ −
1
2
.gαγ .Qβ , (197)
Qξ = g[∇ξg] = Qβ .ξ
β = Qj .ξ
j = 2.cθξ , (198)
then ω∇ξ, (192), and (193) can be written in the form
ω∇ξ = ∇ξ −
1
2
.Qξ , (199)
ω∇eβeα =
ωΓγαβ .eγ ,
ω∇∂j∂i =
ωΓkij .∂k , (200)
ω∇eβe
α = ωPαγβ .e
γ , ω∇∂jdx
i = ωP ikj .dx
k . (201)
ωΓγαβ are called components of the contravariant affine connection
ωΓ pre-
serving the invariant volume element dω in a non-co-ordinate basis, ωP γαβ are
called components of the covariant affine connection ωP preserving the invari-
ant volume element dω in a non-co-ordinate basis.
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Since ωΓγαβ and
ωP γαβ differ from Γ
γ
αβ and P
γ
αβ respectively with the compo-
nents of a mixed tensor field 12 .g
γ
α.Qβ of rank 3,
ωΓ and ωP will have the same
transformation properties as the affine connections Γ and P respectively.
The action of ω∇ξ on a contravariant vector field u can be written in the
form
ω∇ξu = ∇ξu−
1
2
.Qξ.u . (202)
If u is considered as a tangential vector field to a curve xi(τ ), i. e.
u =
d
dτ
= uα.eα = u
i.∂i , u
i =
dxi
dτ
, (203)
uα = Ai
α.ui = Ai
α.
dxi
dτ
, eα = Aα
k.∂k , Ai
α.Aα
k = gki , (204)
and the parameter τ is considered as a function of another parameter λ [with
one to one (injective) mapping between τ and λ], i. e.
τ = τ(λ) , λ = λ(τ ) , (205)
u =
d
dτ
=
dλ
dτ
.
d
dλ
=
dλ
dτ
.v , v =
d
dλ
, (206)
then ω∇ξu can be represented by means of the vector field v and ∇ξv in the
form
ω∇ξu =
dλ
dτ
.∇ξv + [ξ(
dλ
dτ
)−
1
2
.Qξ.
dλ
dτ
].v . (207)
If an additional condition for a relation between λ and τ is given in the form
ξ(
dλ
dτ
)−
1
2
.Qξ.
dλ
dτ
= 0 , (208)
then for an arbitrary vector field ξ a solution for λ = λ(τ ) exists in the form
λ = λ0 + λ1.
∫
[exp(
1
2
∫
Qi.dx
i)].dτ , Qi = Qi(x
k) , λ0, λ1 = const. (209)
and the connection between ω∇ξu and ∇ξv is obtained in the form
ω∇ξu =
dλ
dτ
.∇ξv = [λ1. exp(
1
2
∫
Qi.dx
i)].∇ξv , λ1 = const. (210)
It follows from the last expression that there is a possibility the action of ω∇ξ
on a contravariant vector field u (as a tangential vector field to a given curve) to
be juxtaposed to the action of ∇ξ on the corresponding to vector field u vector
field v (obtained after changing the parameter of the curve). If the vector field
v fulfils the condition for an auto-parallel transport along ξ, induced by the
covariant differential operator ∇ξ (∇ξv = 0), then the vector field u will also
fulfil the auto-parallel condition along ξ induced by the covariant differential
operator ω∇ξ (
ω∇ξu = 0).
43
The action of ω∇ξ on a metric tensor field g can be presented in the form
ω∇ξg = ∇ξg −
1
2
.Qξ.g . (211)
After contraction of both components of ω∇ξg with g, i. e. for g[
ω∇ξg] =
gαβ .(ω∇ξg)αβ , the equality
g[ω∇ξg] = (1−
n
2
).Qξ (212)
follows.
The trace free part of ω∇ξg,
ω∇ξg =
ω∇ξg −
1
n
.g[ω∇ξg].g , (213)
by means of (212) can be written in the form
ω∇ξg =
ω∇ξg +
n− 2
2n
.Qξ.g . (214)
Using this form, ω∇ξg can be presented by means of its trace free part and
its trace part in the form
ω∇ξg =
ω∇ξg −
n− 2
2n
.Qξ.g , (215)
where g[ω∇ξg] = 0.
Special case: dimM = n = 2 : ω∇ξg =
ω∇ξg , g[
ω∇ξg] = 0.
Special case: dimM = n = 4 : ω∇ξg =
ω∇ξg −
1
4 .Qξ.g.
The covariant differential operator preserving the invariant volume element
does not obey the Leibniz rule when acting on a tensor product Q ⊗ S of two
tensor fields Q and S
ω∇ξ(Q⊗ S) =
ω∇ξQ⊗ S +Q⊗
ω∇ξS +
1
2 .Qξ.Q⊗ S ,
Q ∈ ⊗k l(M) , S ∈ ⊗
m
r(M) .
(216)
10.5 Trace free covariant differential operator. Weyl’s
transport. Weyl’s space
The description of the gravitational interaction and its unification with the other
types of interactions over differentiable manifolds with affine connections and
metric [(Ln, g)-spaces] induces [1] the introduction of an affine connection with
a corresponding covariant differential operator s∇ξ constructed by means of ∇ξ
and Qξ in the form
s∇ξ = ∇ξ −
1
n
.Qξ , dimM = n . (217)
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The action of s∇ξ on a covariant metric tensor field g is determined as
s∇ξg = ∇ξg −
1
n
.Qξ.g , (218)
obeying the condition
g[s∇ξg] = 0 . (219)
On the basis of this relation the covariant differential operator s∇ξ is called
trace free covariant differential operator.
If the transport of g by the trace free covariant differential operator s∇ξ
obeys the condition
s∇ξg = 0 , (220)
equivalent to the condition for ∇ξg
∇ξg =
1
n
.Qξ.g , (221)
then the transport is called Weyl’s transport.
The covariant vector field [s. (196)]
Q =
1
n
.Q (222)
is called Weyl’s covector field.
A differentiable manifoldM (dimM = n) with affine connection and metric,
over which for every contravariant vector field ξ ∈ T (M) the transport of g is
a Weyl transport, is called Weyl’s space with torsion (Weyl-Cartan space) Yn
[1].
The trace free covariant differential operator s∇ξ is connected with the co-
variant differential operator ω∇ξ preserving the invariant volume element dω
through the relation
ω∇ξ =
s∇ξ −
n− 2
2n
.Qξ = ∇ξ −
1
2
.Qξ . (223)
The action of the two operators ω∇ξ and
s∇ξ would be identical, if dimM =
n = 2 (Qξ 6= 0) or if Qξ = 0.
The components Γαβγ of the affine connection Γ can be represented by means
of the components of the affine connections corresponding to the operators ω∇ξ
and s∇ξ.
∇eβeα can be written in the form
∇eβeα =
1
2
(∇eαeβ +∇eβeα − [eα, eβ ])−
1
2
.T (eα, eβ) , (224)
corresponding to the representation of Γγαβ in the form
Γγαβ =
1
2
(Γγαβ + Γ
γ
βα − Cαβ
γ)−
1
2
.Tαβ
γ = Γ
γ
αβ −
1
2
.Tαβ
γ . (225)
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If we introduce the abbreviations
g∇eβeα =
1
2
(∇eαeβ +∇eβeα − [eα, eβ]) = Γ
γ
αβ .eγ , (226)
s∇eβeα = Qαβ
γ .eγ = (Γ
γ
αβ −
1
n
.gγα.Qβ).eγ , (227)
then
∇eβeα =
s∇eβeα +
1
n
.Qβ.eα , (228)
∇eβeα =
g∇eβeα +
1
2
.T (eβ, eα) . (229)
From (224), (226), and (228), it follows that
∇eβeα =
1
2
[g∇eβeα +
1
2
.T (eβ, eα) +
1
n
.Qβ .eα +
s∇eβeα] . (230)
The last equality corresponds to the representation of Γγαβ in the form
Γγαβ ≡
1
2
(Γ
γ
αβ −
1
2
.Tαβ
γ +
1
n
.gγα.Qβ +Qαβ
γ) . (231)
In analogous way, using the relations
ω∇eβeα =
ωΓγαβ.eγ = (Γ
γ
αβ −
1
2 .g
γ
α.Qβ).eγ =
= ∇eβeα −
1
2 .Qβ .eα ,
(232)
∇eβeα =
ω∇eβeα +
1
2 .Qβ.eα ,
∇eβeα =
g∇eβeα +
1
2 .T (eβ, eα) ,
one can obtain for ∇eβeα
∇eβeα =
1
2
[g∇eβeα +
1
2
.T (eβ, eα) +
ω∇eβeα +
1
2
.Qβ .eα] . (233)
The last equality is equivalent to the representation of Γγαβ in the form
Γγαβ =
1
2
(Γ
γ
αβ −
1
2
.Tαβ
γ +
1
2
.gγα.Qβ +
ωΓγαβ) . (234)
From (228) and (229), the connection between g∇eβeα and
s∇eβeα follows
in the form
g∇eβeα =
s∇eβeα −
1
2
.T (eβ, eα) +
1
n
.Qβ.eα , (235)
equivalent to the connection between Γ
γ
αβ and Qαβ
γ
Γ
γ
αβ = Qαβ
γ +
1
2
.Tαβ
γ +
1
n
.gγα.Qβ . (236)
On the other side, there is a connection between g∇eβeα and
ω∇eβeα
g∇eβeα =
ω∇eβeα −
1
2
.T (eβ, eα) +
1
2
.Qβ.eα , (237)
corresponding to the connection between Γ
γ
αβ and
ωΓγαβ
Γ
γ
αβ =
ωΓγαβ +
1
2
.Tαβ
γ +
1
2
.gγα.Qβ . (238)
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10.6 Lie differential operator preserving the invariant vol-
ume element
The action of the Lie differential operator £ξ on the invariant volume element
dω
£ξ(dω) =
1
2
.g[£ξg].dω ,
allows the construction of a new Lie differential operator preserving the invariant
volume element dω.
Definition 28 ω£ξ := Lie differential operator preserving the invariant volume
element dω along a contravariant vector field ξ
ω£ξ = £ξ −
1
2
.g[£ξg] .
The properties of ω£ξ are determined by the properties of the Lie differential
operator and the existence of a covariant metric tensor field g connected with a
contravariant metric tensor field g:
(a) Action on the invariant volume element dω:
ω£ξ(dω) = 0 . (239)
It follows from the definition of ω£ξ and (190).
(b) Action on a contravariant basis vector field:
ω£eαeβ = £eαeβ −
1
2 .g[£eαg].eβ =
= (Cαβ
γ − 12 .g
ρσ.£eαgρσ.g
γ
β).eγ ,
(240)
ω£∂i∂j = −
1
2
.gkl.£∂igkl.∂j . (241)
(c) Action on a covariant basis vector field:
ω£eαe
β = £eαe
β − 12 .g[£eαg].e
β =
= kγα
β.eγ − 12 .g[£eαg].e
β ,
(242)
ω£∂idx
j = kmi
j .dxm −
1
2
.g[£∂ig].dx
j . (243)
(d) Action on a function f :
ω£ξf = ξf −
1
2
.g[£ξg].f , f ∈ C
r(M) , r ≥ 1 . (244)
If we introduce the abbreviations
Pβ = g[£eβg] = g
γδ.£eβgγδ , (245)
Pj = g[£∂jg] = g
kl.£∂jgkl , (246)
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P = Pβ .e
β = Pj .dx
j , (247)
Pξ = g[£ξg] = 2.lθξ , (248)
Ĉαβ
γ = Cαβ
γ −
1
2
.Pα.g
γ
β , Ĉαβ
γ 6= −Ĉβα
γ , (249)
then ω£ξ and (240) ÷ (244) can be written in the form
ω£ξ = £ξ −
1
2
.Pξ , (250)
ω£eαeβ = £eαeβ −
1
2 .Pα.eβ =
= (Cαβ
γ − 12 .g
γ
β .Pα).eγ = Ĉαβ
γ .eγ ,
(251)
ω£∂i∂j = −
1
2
.Pi.∂j , (252)
ω£eαe
β = £eαe
β − 12 .Pα.e
β =
= kγα
β .eγ − 12 .Pα.e
β ,
(253)
ω£∂idx
j = kmi
j .dxm −
1
2
.Pi.dx
j , (254)
ω£ξf = ξf −
1
2
.Pξ.f , f ∈ C
r(M) , r ≥ 1 . (255)
The commutator of two Lie differential operators preserving dω has the
following properties:
(a) Action on a function f :
[ω£ξ,
ω£u]f = (£ξu)f +
1
2 (uPξ − ξPu)f =
= [£ξu+
1
2 (uPξ − ξPu)]f , f ∈ C
r(M) , r ≥ 2 .
(256)
(b) Action on a contravariant vector field:
[ω£ξ,
ω£u]v = [£ξ,£u]v +
1
2 (uPξ − ξPu)v =
= {[£ξ,£u] +
1
2 (uPξ − ξPu)}v , ξ, u, v ∈ T (M) .
(257)
(c) Satisfies the Jacobi identity
< [[ω£ξ,
ω£u],
ω£v] >= [[
ω£ξ,
ω£u],
ω£v]+
+[[ω£v,
ω£ξ],
ω£u] + [[
ω£u,
ω£v],
ω£ξ] ≡ 0 .
(258)
The different types of differential operators acting on the invariant volume
element can be used for description of different physical systems and interactions
over a differentiable manifold with affine connections and metric interpreted as
a model of the space-time.
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11 Conclusions
The main conclusions following from the obtained results could be grouped
together in the following statements:
1 A contraction operator S, commuting with the covariant differential oper-
ator and with the Lie differential operator, for which the affine connection
P determined by the covariant differential operator for covariant tensor
fields is different (not only by sign) from the affine connection Γ deter-
mined by the covariant differential operator for contravariant tensor fields
can be introduced over every differentiable manifold. The components (in
a co-ordinate or in a non-co-ordinate basis) of the both affine connections
P ijk and Γ
i
jk differ to each other by the components g
i
j;k of the covariant
derivatives of the Kronecker tensor. At that, at least three cases could be
distinguished:
(a) gij;k := 0 : P
i
jk+Γ
i
jk = 0 , [P
i
jk differs only by sign from Γ
i
jk (canonical case:
S := C)],
(b) gij;k := ϕ,k.g
i
j : P
i
jk + Γ
i
jk = ϕ,k.g
i
j , ϕ ∈ C
r(M), [P ijk differs from Γ
i
jk by
the derivative of an invariant function ϕ ∈ Cr(M), r ≥ 2, along a basis
vector field (∂k or ek), and the components of the Kronecker tensor in the
given basis],
(c) gij;k = q
i
jk : P
i
jk + Γ
i
jk = q
i
jk, q ∈ ⊗
1
2(M), [P
i
jk differs from Γ
i
jk by the
covariant derivative gij;k of the Kronecker tensor along a basis vector field
∂k (or ek)].
In the cases (b) and (c) the Lie derivatives of covariant tensor fields depend
also on structures determined by the affine connections in contrast to the case
(a), where the covariant derivative and the Lie derivative of covariant tensor
fields are independent of each other structures (although the fact that the Lie
derivatives can be expressed by means of the covariant derivatives).
On the grounds of the obtained results the kinematics of vector fields has
been work out [26], [47] - [50]. The Lagrangian theory for tensor fields has been
considered [51] and applied to the Einstein theory of gravitation as a special
case of a Lagrangian theory of tensor fields [52] over Vn-spaces (n = 4).
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